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Abstract 



Wc apply a theorem of J. Lurie to produce cohomology theories associated to cer- 
tain Shimura varieties of type U{l,n — 1). These cohomology theories of topological 
automorphic forms (TAF) are related to Shimura varieties in the same way that 
TMF is related to the moduli space of elliptic curves. We study the cohomology op- 
erations on these theories, and relate them to certain Hecke algebras. We compute 
the K{n)-loca.l homotopy types of these cohomology theories, and determine that 
_ftr(n)-locally these spectra arc given by finite products of homotopy fixed point 
spectra of the Morava E-theory by finite subgroups of the Morava stabilizer 
group. We construct spectra Qu{K) for compact open subgroups K of certain 
adele groups, generalizing the spectra Q{i) studied by the first author in the mod- 
ular case. We show that the spectra Qu{K) admit finite resolutions by the spectra 
TAF, arising from the theory of buildings. We prove that the ii'(n)-localizations 
of the spectra Qu{K) are finite products of homotopy fixed point spectra of En 
with respect to certain arithmetic subgroups of the Morava stabilizer groups, which 
N. Naumann has shown (in certain cases) to be dense. Thus the spectra Qu{K) 
approximate the _R"(n)-local sphere to the same degree that the spectra Q{i) ap- 
proximate the iir(2)-local sphere. 
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Introduction 



0.1. Background and motivation 

The chromatic filtration. Let X be a finite spectrum, and let p be a prime 
number. The chromatic tower of X is the tower of Bousfield localizations 

with respect to the p-primary Johnson- Wilson spectra E{n) (where £'(0) is the 
Eilenberg-MacLane spectrum H^) . The chromatic convergence theorem of Hopkins 
and Ravenel |Rav92) states that the p-localization is recovered by taking the 
homotopy inverse limit of this tower, and that the homotopy groups of are 
given by 

7r,X(p) = lim -k^Xeu)- 

n 

The salient feature of this approach is that the homotopy groups of the monochro- 
matic layers M„X , given by the homotopy fibers 

MnX XE{n) XE(n^l)-, 

fit into periodic families. 

We pause to explain how this works. The periodicity theorem of Hopkins and Smith 
|HS98l implies that for a cofinal collection of indices / = (iq, . . . ,«n) there exist 
finite complexes M(/)° — M{p^°, . . . inductively given by fiber sequences: 

M{p^o ,...,<")"-> M(p^« , . . . , C-"!^ )0 ^ E-^" I"" I M{p^o ^ . . . ^ ^^^^1 )0 

Here, is a f„-self map — it induces an isomorphism on Morava i4r(n)-homology. 
(The superscript is used to indicate that we have arranged for the top cell of these 
finite complexes to be in dimension 0.) The nth monochromatic layer admits the 
following alternate description: there is an equivalence 

(0.1.1) Af„X~ hocolim Xb(„)AM(/)°. 

The homotopy colimit is taken with respect to an appropriate cofinal collection of 
indices (io, . . . , in-i)- Suppose that 

a : 5*^ ^ MaX 

represents a non-trivial element of nkMnX. Then, using (jO.l.lj) . there exists a 
sequence I — (iq, . . . , «n-i) such that a factors as a composite 

S'' ^ XEin) A M(/)° ^ MnX. 

ix 
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Let 

: I]^"I''"Im(/)° ^ M{I)" 
be a w„-self map. The map w^" is an equivalence after smashing with — 
this is because w^" is a _R'(n)-equivalence, and the smash product of an £'(n)-local 
spectrum with a type n complex is ii'(n)-local. For each integer s, the composite 

. ^ ^^^^MxEin) A M(/)0 Xb(„) a M{I)° Af„X 

gives rise to a family of elements as G 7r*M„X which specializes to a for s = 0. 

There are homotopy puUback squares: 

^Ein-l) ^ {XK{n))E(n~l) 

In particular, taking the fibers of the vertical arrows, there is an equivalence M„X ~ 
Af„(X^(„)), and understanding the nth monochromatic layer of X is equivalent to 
understanding the iir(n)-localization of X. 

The idea of the chromatic tower originates with Jack Morava, who also developed 
computational techniques for understanding the homotopy groups of and 
MnX. For simplicity, let us specialize our discussion to the case where X is the 
sphere spectrum S. Let En be the Morava i5-theory spectrum associated to the 
Honda height n formal group iJ„ over Fp. It is the Landweber exact cohomology 
theory whose formal group is the Lubin-Tate universal deformation of _ff„, with 
coefficient ring 

iEn),=Wi¥p)[[uu...,Un-i]][u^'] 
(here W{¥p) is the Witt ring of Fp). Let 

G„ = §„ >^ Gal 

denote the extended Morava stabilizer group. Here Gal denotes the absolute Galois 
group of Fp, and §„ — Aut(-ff„) is the p-adic analytic group of automorphisms of the 
formal group iJ„. Morava's change of rings theorems state that the Adams-Novikov 
spectral sequences for MnS and S^^n) take the form: 

(0.1.2) iJ*(G„; iEn),/{p^, . . .,u^_^)) ^ Tr,M„S 

(0.1.3) H:iGn;iEn),)^7r,SKin) 

Thus the homotopy groups of MnS and SK(n) a-re intimately related to the formal 
moduli of commutative 1-dimcnsional formal groups of height n. 

The action of G„ on the ring {En)* is understood [DH95| . but is very complicated. 
The computations of the i?2-terms of the spectral sequences (|0.1.2p and (|0.1.3p 
are only known for small n, and even in the case of n = 2 the computations of 
Shimomura, Wang, and Yabe |SW02j . |SY95| . while quite impressive, are difficult 
to comprehend fully. 

Goerss and Hopkins [GH04| extended work of Hopkins and Miller [Rez98| to show 
that En is an iSoo-ring spectrum, and that the group G„ acts on En by i?cxD-ring 
maps. Devinatz and Hopkins [DH04J gave a construction of continuous homotopy 
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fixed points of En with respect to closed subgroups of d, and refined Morava's 
change of rings theorem (I0.1.3P to prove that the natural map 

(0.1.4) SK(n) ^ E^""- 

is an equivalence. This result represents a different sort of computation: the homo- 
topy type of the K {n)-local sphere is given as the hypercohomology of the group 
G„ with coefficients in the spectrum En- 



Finite resolutions of SK(n)- In |GHMR05] . |Hen07| . Goerss, Henn, Ma- 
howald, and Rezk proposed a conceptual framework in which to understand the 
computations of Shimomura, Wang, and Yabe. Namely, they produced finite de- 
compositions of the if (n)-local sphere into homotopy fixed point spectra of the 
form (^EhF^hGai jTQj. various finite subgroups F of the group S„ f [GHMR05| treats 
the case n — 2 and p = 3, and .HenOTI generalizes this to n = p — 1 for p > 2). In 
their work, explicit finite resolutions of the trivial §„-module Zp by permutation 
modules of the form Zp[[S„/i^]] are produced. Obstruction theory is then used to 
realize these resolutions in the category of spectra. These approaches often yield 
very efficient resolutions. However, the algebraic resolutions are non-canonical. 
Moreover, given an algebraic resolution, there can be computational difficulties in 
showing that the obstructions to a topological realization of the resolution vanish. 

When the 1-dimensional formal group Hn occurs as the formal completion of a 1- 
dimensional commutative group scheme A in characteristic p, then global methods 
may be used to study K {n)-local homotopy theory. The formal group is naturally 
contained in the p-torsion of the group scheme A. The geometry of the torsion at 
primes i ^ p can be used to produce canonical finite resolutions analogous to those 
discussed above, as we now describe. 

The K(l)-local sphere and the J spectrum. In the case of n = 1, the formal 
completion of the multiplicative group Gm/Fp is isomorphic to the height 1 formal 
group Hi. The J spectrum is given by the fiber sequence 

(0.1.5) J KOp ^"^^ KOp 

where £ is a topological generator of Zp (respectively Zj /{±1} if p = 2), and ip^ 
is the £th Adams operation. The natural map 

(0.1.6) Sk(i) ^ J 

was shown to be an equivalence by Adams and Baird, and also by Ravenel |Bou79) , 
[Rav84) . The group of endomorphisms 

End(G™)[l/^]^ = [1[l/t]Y = 

is a dense subgroup of the Morava stabilizer group §i = Zp . The p-adic ivT-theory 
spectrum is given by 

KOp ~ (£;H±i})''Gai 

and under this equivalence, the fiber sequence (|0.1.5p is equivalent to the fiber 
sequence of homotopy fixed point spectra: 

(0 1 7) ^^rf-j/iGa; ^j^h{±l] -^hGal M^l^ j^j^h{±i] -^hGal 
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We see that there is an equivalence 

(0.1.8) j~ (i;f±^')''<^'^'. 

Equivalence (I0.1.6[) is then a statement concerning the equivalence 

of two homotopy fixed point spectra. 

The K{2)-local sphere and the spectrum Q{i). A similar treatment of the case 
n — 2 was initiated by Mahowald and Rezk [MRj , and carried out further in previ- 
ous work of the authors. The multiplicative group is replaced with a supersingular 
elliptic curve C/Fp. The formal completion of C is isomorphic to the height 2 formal 
group H2. The first author [Beh06j defined a spectrum Q{£) to be the totaliza- 
tion of a semi-cosimplicial spectrum arising from analogs of the Adams operations 
occurring in the theory of topological modular forms: 

(0.1.9) Q{e) = holim (TMF TMP^it) x TMF ^ TMFq{1)) . 

For simplicity, assume that p is odd. The authors [BL06] showed that if ^ is a 
topological generator of , the group 

(0.1.10) (End(C)[l/£])^ 

is dense in the Morava stabilizer group §2- The first author |Beh| used the action 
of r on the building for GL2{Qt) to show there is an equivalence 

(0.1.11) Q{i)Ki2) ^ {Eff^'^K 

However, the spectrum Q{£)k{2) is not equivalent to Sk^2) — (i?2^)'''^"'. Rather, 
the conjecture is that there is a fiber sequence 

(0.1.12) DkM£)k{2) ^ SKi2) ^ Q{£)k{2)- 

This conjecture was verified in [Beh06j in the case of p = 3 and £ — 2. 



Periodic families in the stable stems and arithmetic congruences. 

Miller, Ravenel, and Wilson [MRW77j . generalizing the work of Adams, Smith, 
and Toda, suggested a prominent source of ?;„-periodic families of elements in the 
stable homotopy groups of spheres. Namely, for / — (p*°, . . . , f ), suppose that 
the associated complex M(J)° admits a u„-self map 

: I]'"I""Im(/)° ^ M{lf. 

The composite 

Si,Mv,A-\\i\\ i_ Y,'^s\v^\M{lf ili!^ M(/)° ^ S*, 
where i is the inclusion of the bottom cell, ||/|| is the quantity 

||/|| = il\vi\ + i2\v2\ H h in-l\Vn-l\ + 

and i is the projection onto the top cell, gives the Greek letter element : 
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(This element is not uniquely defined — it depends inductively on the choices of self 
maps {v^ , • ■ • , Vn^)-) The image of this element in TT^:SE{n) factors through MnS as 
the composite 

^ l]-«l-lM(/)"^(„) A/(/)"^(„) ^ M^S. 

This composite is necessarily detected in the 0-line of the spectral sequence 10.1.21 
by a non-zero element: 

(0.1.13) a;,„/,„_„...,,„ Gi7°(G„,(£;„)*/(p°°,...,«jrLi)) 

The existence of these invariants determines which sequences (jq, . . . , in) could give 
rise to a Greek letter element a-"'', . 

There are three important questions one can ask: 

Question 0.1.14. For which sequences (iq, . . . ,z„) do there exist invariants 

a^,„A„_i,...,^o G H^i^n, (i?n)*/(p°", . . . , 

Question 0.1.15. Does there exist a corresponding complex M{I)'^ and Vn-self map 

• 

Question 0.1.16. // so, is the corresponding Greek letter element ol-^^j,^ ^ 
non-trivial? 



Question 10.1.141 is a computation, which, as we will describe below, is known for 
n = 1,2. We will explain how the J-spectrum, in the case n = 1, and the spectrum 
Q{i) for n = 2, relate these computations to certain arithmetic congruences. Ques- 
tion 10.1.151 is a very difficult question in computational honiotopy theory: it was 
completely answered for n = 1 by Adams [Ada66j and Mahowald [MahTOj , while 
even for p > 5, there are only partial results for n = 2, due to Smith, Zahler, and 
Oka (see |Rav86[ Sec. 5.5]). Question 10.1.161 is more tractable. For instance, it is 
completely solved in |MRW77j and [Shi81| for n ~ 2 using the chromatic spectral 
sequence. 

The elements ai/j and Bernoulli numbers. Assume that p > 2. In what follows, 
let i^p denote p-adic valuation. The homotopy elements a^/j generate the image of 
the classical J homomorphism. The corresponding invariants x^^j are classified by 
the following theorem MRW77 Thm. 4.2]. 

Theorem 0.1.17. There exists an invariant 

X,/, ei70(Gi,(i?i)2t/(p°°)) 

of order p^ if and only if t = {p — l)i and j < i^pi^i) -\~ 1. 



The orders of the generators of these groups of invariants are related to the p-adic 
valuations of denominators of Bernoulli numbers. Let Bi denote the ith Bernoulli 
number. 

Lemma 0.1.18 (Lipshitz-Sylvester |MS74| Lem. B.2]). For every pair of integers 
k and n, the quantity k"'{k''^ — l)-B„/n is an integer. 
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In particular, if k is chosen to be prime to p, then we deduce that 

(fc" - l)B,Jn 

is p-integral. If i is chosen such that the subgroup is dense in , there is an 
isomorphism 

The sequence (|0.1.7p implies that, for t even, there is an exact sequence 

^ i/"(±£^, (Si)2*/(P°°))^"' ^ ^ Z/p°°. 

In particular, the image of Bt/t in Z/p°° is annihilated by — 1, and Bt/t gives 
an element yt of (i?i)2t/(p°°)). In fact, these invariants yt are generators. 

In summary, there is a correspondence 

^Bt/te Q/Z(p) 

for t ^ [p — l)i and j = i'p(i) + 1. 

The elements ai/j and Eisenstein series. We now assume, for simplicity, that 
p > Z. We now explain how the Eisenstein series give an alternative approach to 
the invariants a^i/j. By explicit calculation, there is an abstract isomorphism 

(i?i)2*/(p~)) = i/°(G2, {E-2[v^']U/{pn)- 

(Presumably this is related to Hopkins' chromatic splitting conjecture.) Choosing 
£ as before, the group F of (|0.1.10p is a dense subgroup of §2, and so there is an 
isomorphism 

The equivalence (jO.l.lip relates this computation to the computation of the equal- 
izers 

At/, ^ TMF2tlp> % TMFoie)2t/p' ® TMF2t/p' 

di 

where the maps do and di are the maps induced from the semi-cosimplicial coface 
maps of |0T9l) . 

For a Z[l/iV]-algebra i?, let Mt(Fo(A''))/j denote the weight t modular forms for 
the congruence subgroup Fo(iV) defined over the ring R. For p > 3 there are 
isomorphisms 

(™F(p))2t = Mt(Fo(l))z<,JA-i], 
(rMFoW(rt)2t = Mt(Fo(^))z,^,[A-i]. 
The coface map di acts on a modular form / e Af((Fo(l))z(p) [A^^] by 
di{.f) = (/,/) e Mt(Fo(^))z,,,[A-i] ©Mt(Fo(l))z,^,[A-i]. 
The coface map do acts by 

do{f) = {tV,{f),tf) 
where, on the level of g-expansions, the operator Ve, is given by 
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Thus, we have 

Condition (i) implies that A(^t:j) cannot have elements of order p' unless t = {p — 
l)p^~^s. If this is satisfied, Condition (ii) on / is equivalent to the assertion that 
its g-expansion satisfies 

f(q) = constant mod p-' . 
The Eisenstein series Et £ Mf(ro(l))z have g-expansions 

where 



d\i 

Our remarks concerning the p-adic valuations of the denominators of Bt/t imply 
that for j < Vp^i) + 1, the Eisenstein series i?(p_i)i are generators of A^t-j) of order 
p' . Thus, for t = {p — l)i and j = i'p{i) + 1, there is a correspondence 

Remark 0.1.19. This technique of computing the 1-line of the Adams-Novikov 
spectral sequence using Eisenstein series is first seen in the work of A. Baker 
[Bak99| . Baker uses Hecke operators, and his results may be derived from the 
discussion above by exploiting the relationship between the Hecke operator Ti and 
the verschiebung Ve. 

The elements Pi/j^k ind congruences of modular forms. We continue to assume 
that p > 3. The sequences {j,k,i) giving invariants Xi/j ^ corresponding to homo- 
topy elements G Se{2) are completely classified: 

Theorem 0.1.20 (Miller-Ravenel- Wilson jMRW77j ). The exists an invariant 
of order p^ if and only if 

(1) t = - l)i - (p - 

(2) 1 < j < K'^'^ - 1 = 1 ifvp{i) = 0), 

(3) // m is the unique number satisfying 

then k < min{i'p(j) + 1, m + 1}. 

We will explain how these elaborate conditions on {j, k, i) given in Theorem 10. 1.201 
reflect a congruence phenomenon occurring amongst g-expansions of modular forms. 
The discussion of congruence properties of Eisenstein series in the last section spe- 
cializes to give: 

Ep-i{q) = 1 mod p 
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and thus 

Ef:^{q) = l mod/. 
By the (/-expansion principle, multiphcation by E^_^ gives an injection: 

for any A'' coprime to p. In fact, there is a converse: 

Theorem 0.1.21 (Serre [Kat73[ 4.4.2]). Let N be coprime to p. Suppose that for 
ti < t2 we are given modular forms fi S Mt-{TQ{N))zj, whose q-expansions satisfy 

fi{q) = f2{q) modp^ 
Then ti and t2 are congruent modulo {p — l)p'^^^ , and 

f2 = E^-fi mod/. 

The Hasse invariant vi S Mp_i(ro(iV))Fp hfts to i?p_i (see |Kat73[ 2.1] — it is nec- 
essary that p > 3). This allows us to reinterpret the groups i?°(G2, {£2)1/ {p°° ^uf)) 
in terms of p-adic congruences of modular forms. If i is chosen such that the group 
r (|0.1.10p is dense in the Morava stabilizer group S2, there is an isomorphism 

The equivalence (jO.l.lip . together with the semi-cosimplicial resolution (|0.1.9p . 
allow us to deduce that there is an isomorphism 

i?^r, (£;2)2t/b°°, <)) = iim%,,fe) 

where the colimit is taken over pairs (j, k) where j = mod {p — l)p^~^ and the 
groups B(t:j,k) for such (j, k) are given by the equalizer diagram: 



, Mt-i(ToU))-,, fc[A-il 

A^«(ro(l))z/pfc[A-^] 
Mt_,-(ro(l))^/pUA-i] 



Using our explicit description of the cosimplicial coface maps do ^^nd di , we see that 

(i) - l)f{q) = h{q) mod /, 

0(t;j,k) - W mTTOVTJWTa^ • (ii) - /(?) = g{q) mod /, 

5eM,_,(roW)[A-i]. 

This translates into the following conclusion: there exist level 1 modular forms 
ft € Mt(ro(l))[A^^] such that ft{q) is not congruent to any form of lower weight, 
and such that the existence of Pi/j^k G Tr*SE{2) is equivalent to the existence of a 
congruence 

i'fiq')-fiq)^9{q) mod/ for g e Mt_,{ro{e))[A-']. 

for t ~ (jp' — l)i. 
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Remark 0.1.22. In [Lau99| G. Laures defined the / invariant, which gives an 
embedding of the 2-hne of the Adams-Novikov spectral sequence into a ring of 
divided congruences of modular forms. The authors are unclear at this time how 
Laures' congruences are related to the congruences described here. 

0.2. Subject matter of this book 

The purpose of this book is to propose entries to the third column of the following 
table: 





n = 1 n = 2 


n > 3 


E 


KO TMF 


? 


Q 


J Q{i) 


7 



(In fact, our constructions will also specialize to n = 1,2.) Each of the columns of 
the table gives spectra E and Q, such that: 

(1) E is an E'oo-ring spectrum associated to a 1 dimensional formal group of 
height n residing in the formal completion of a commutative group scheme. 

(2) The localization Ej^(^n^ is a product of homotopy fixed point spectra of 
En for finite subgroups of S„ . 

(3) Q admits a finite semi-cosimplicial resolution by E'oo-spectra related to E. 

(4) The localization QK(n) is a homotopy fixed point spectrum of En for an 
infinite discrete group which is a dense subgroup of §„. 

The moduli space of elliptic curves will be replaced by certain PEL Shimura vari- 
eties of type U{1, n — 1). On first encounter, these moduh spaces seem complicated 
and unmotivated (at least from the point of view of homotopy theory). There are 
many excellent references available (for the integral models we are using in this 
book the reader is encouraged to consult |Kot92] . [HTOlj . and |Hid04| ). but 
these can be initially inaccessible to homotopy theorists. We therefore devote the 
first few chapters of this book to an expository summary of the Shimura varieties 
we are considering, singling out only those aspects relevant for our applications to 
-fC(n)-local homotopy theory. 

We briefly summarize the contents of this book. 

Topological automorphic forms. To obtain formal groups of height greater 
than 2, we must study abelian varieties A/Fp of dimension greater than 1. Since 
only the moduli of 1-dimcnsional formal groups seems to be relevant to homotopy 
theory, we must introduce a device which canonically splits off a 1-dimensional 
formal summand from the formal completion A . This will be accomplished by 
flxing an imaginary quadratic extension of Q, with ring of integers Cf in which 
•p splits as uu'^ , and insisting that A admit complex multiplication by F, given by 
a ring homomorphism 

i: Of End(A). 
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The sphttmg Fp ^ F„ x Fu<-- induces a sphtting 

-A — X Aj^c . 

We shall insist that Au have dimension 1. The other summand will be con- 
trolled by means of a compatible polarization — which is given by a certain kind 
of prime to p isogeny 

A: A^A"" 

which induces an isomorphism 

A*: A{u) ^K)"" 

between the p-divisible groups which extend the formal groups Au, A'^a. 

Moduli stacks of triples {A,i,X) (over Zp) where A has dimension n are given by 
Shimura stacks Sh associated to rational forms of the unitary group U{l,n — 1). 
The formal groups A^ associated to points of these Shimura stacks attain heights 
up to and including height n. There are two caveats: 

(1) In order to allow for more general forms of U{l,n — 1), we will actually 
fix a maximal order in a central simple algebra B over F of dimension 
n^, which is split at u. The algebra B shall be endowed with a positive 
involution * which restricts to conjugation on F. We shall actually con- 
sider moduli of triples (A, i, A) where A is an abelian variety of dimension 

with Os-action given by an inclusion of rings 

i: Ob^ End (A) 

and A is a compatible polarization. The case of n-dimensional polarized 
abelian varieties with complex multiplication by F is recovered by choos- 
ing B to be the matrix algebra Mn{F) by Morita equivalence. 

(2) Unlike the case of supersingular elliptic curves, there are infinitely many 
isogeny classes of triples {A,i,X) for which A^ has height n. Fixing an 
isogeny class is tantamount to fixing a compatible pairing (— , — ) on the 
rank 1 left B-module V = B. The points in the isogeny class are those 
points {A, i, A) whose A- Weil pairing on the £-adic Tate modules at each 
of the places £ is B-linearly similar to {Vi, {—, — )). 

For these more general n^-dimensional i?-linear polarized abelian varieties {A, i, A), 
the formal group A inherits an action of the p-complete algebra Bp = Mn{Fp). 
Fixing a rank 1 projection e e AIn{Fp) gives a splitting 

A^{eAu X eXe)", 

and we insist that the summand eAu is 1-dimensional. 

If the algebra i? is a division algebra, then Sh possesses an etale projective cover 
(this is the case considered in |HT01| ). The Shimura varieties Sh associated to 
other B need not be compact, but we do not pursue compactifications here. 

Lurie has announced an extension of the Goerss-Hopkins-Miller theorem to p- 
divisible groups. Lurie's theorem gives rise to a homotopy sheaf of £^oo-ring spectra 
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£ on Sh in the etale topology. The global sections of £ give rise to a p-complete 
spectrum TAF of topological automorphic forms, and a descent spectral sequence 

H\Sh,oj®')^TT2t-s{TAF). 

Here, Lu is a line bundle on Sh such that over C, the holomorphic sections of w®* 
give rise to certain determinant weight holomorphic automorphic forms. 



Hypercohomology of adele groups. Let A denote the rational adeles. If S 
is a set of places of Q, we shall use the convention that places in the superscript 
are omitted and places in the subscript are included: 

As = Y(Qv. 
= H'Qv. 

If is a set of finite rational primes, then this convention naturally extends to the 
profinite integers: 

pes 
= Y[Zp. 

This notational philosophy will be extended to other contexts as we see fit. 

Let GU/Q be the algebraic group of similitudes of our fixed pairing (— , — ) on V: 

GU{R) = {geAutB{V<»(iR) : {gx,gy) = p{g){x,y), 1/(5) ei?^}. 

Let U be the subgroup of isometrics. Let L be the Os-lattice in V = B given 
by the maximal order Ob- Let Kq be the compact open subgroup of the group 
GU{AP'°^) given by 

K^ = {ge GC/(AP'°°) : g(L ®ZP)^L® W}. 

(Here, A^''°° = H^^^p is the ring of finite adeles away from p, and ZP = Y{i^p '^l 
is the subring of integers.) To each open subgroup K'^ of one associates an etale 
cover 

ShiK'P) Sh. 

The stack Sh{KP) is the moduli stack of prime-to-p isogeny classes of tuples of the 
form {A,i,X, [r]]Kp) where i is a compatible inclusion 

i: Ob,{p) ^ End(A)(j,) 

and 

7?: (y ®Q Af'°°, (-, -)) ^ {VP{A), A(-, -)) 

represents a orbit [r?]ifp of S-linear similitudes. Associated to the etale cover 
Sh{KP) is a spectrum TAF{KP). Choosing = recovers the spectrum TAF. 

Associated to the tower of covers {Sh{KP)} (as varies over the open subgroups 
of Kq) is a filtered system of £(x>-ring spectra { TAF{Kp)}. The colimit 

Vgu = lim TAF{KP) 

KP 
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admits an action of the group GC/(A'''°°) by £^oo-ring maps, giving it the structure 
of a smooth G-spectrum. The spectra TAF{K'p) are recovered by taking smooth 
homotopy fixed points 

TAF{KP) ~ V^^\ 

More generally, for any set of primes S not containing p, and any compact open 
subgroup RP'^ contained in GU{AP'^'°°), we may consider the homotopy fixed point 
spectrum 

QauiKP-') := V^f^'^ 

where 

Letting GU^{As) be the subgroup 



GU\As) = ker G[/(As) ^ H ^^'^ ^ 11 ^ 
\ ies les ) 

of similitudes whose similitude norm has valuation at every place in 5, it is also 
convenient to consider the fixed point spectrum 



where 

rp^^^ ■= KP-'^GU^{As) C G[/(AP'°°). 

These spectra should be regarded as generalizations of the spectra Q{i) to our 
setting. As the results described in the next section demonstrate, the spectrum Qu 
seems to be more closely related to the ii'(ri)-local sphere than the spectrum Qgu- 

K(n)-\oca\ theory. Let Sh{KPf^^ be the (finite) locus of Sh{KP)®i^'&^ where 
the formal group eA„ is of height n. The iir(n)-localization of the spectrum Sh{KP) 
is given by the following theorem. 

Theorem (Corollary 114. 5. 6]) . There is an equivalence 

X hGal 

(0.2.1) TAF{KP)K(n) - I n ^hAnt{A,^,X,[ri]Kp) 

\(^,i,A,[»7]iCP)eS/i(iCP)[-l(fp) 

Fix a Fp-point (A, i. A, [Tf\Kp) of ^/i'"', and choose a representative -q of the iT^-orbit 
[77] if p. Let F be the group of prime-to-p quasi- isometrics of (A, i. A). 

F = {7eEndB(A)(>;) : 7^A7 = A} 

The fixed representative rj induces an embedding 

F-^ Gf/i(AP"^'°°). 

Let T{KP'^) denote the sub group 

T{KP-'^)^TnKP-'^. 

The group T{KP'^) acts naturally on the formal group 
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by isomorphisms, giving an embedding 

T{KP-^^) ^ §„. 

We define a spectrum E{T{KP'^)) to be the homotopy fixed point spectrum 
There is a natural map 

(0.2.2) Ef" E{r{KP^^)). 

The spectrum E(r{KP'^)) should be regarded as some sort of approximation to 
the iir(n)-local sphere. At this time we are unable to even formulate a conjecture 
(analogous to (|0.1.6p in the case of n = 1 and (|0.1.12|) in the case of n = 2) 
quantifying the difference between the spectrum E{T{KP'^)) and the K{n)-\ocal 
sphere. Naumann Nau] has proven that in certain circumstances, there exist small 
sets of primes S such that r{KP'^) is of small index in the Morava stabilizer group 
§„ (see Theorem ll4.2.ip . The group F is always dense in S„ (Proposition 114. 2"^ . 

The ii'(n)-localization of the spectrum Qij{KP'^) is related to Morava iJ-theory by 
the following theorem. 

Theorem (Corollary 114. 5. 6]) . There is an equivalence 

(\ hGal 
n E{T{gKP''g-')) | . 

This theorem is an analog of (jO.l.Sp in the case n — 1, and (|0.1.1ip in the case of 
n = 2. 

Building decompositions. For simplicity, we now consider the case where 
the set S consists of a single prime £ p, where B is split over all of the places that 
divide £. The group T{KP-'^) sits naturally inside the group U{Qe) through its action 
on the Tate module Vi{A) through B-linear isometrics. Let B{U) be the Bruhat- 
Tits building for U{Qi). The finite dimensional complex B{U) is contractible, and 
the group U{'Qe) acts on it with compact open stabilizers. This action extends 
naturally to an action of the group GU^{Qi). 

Theorem (Proposition [14X2]). The group T{KP'^) acts on B{U) with finite stabi- 
lizers, and these stabilizers are the automorphism groups of points of Sh{KP)'^^^^{¥p) 
for various compact open subgroups Rp of GU^(KP'°°). 

Therefore, the virtual cohomological dimension of V{KP'^) is equal to the dimension 
oiB{U). We have 

{n £ splits in F, 

n/2 or (n — 2)/2 £ does not split in n even, 
(n — l)/2 £ does not split in F, n odd. 
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We see that the virtual cohomological dimension of r{KP'^) is maximized when £ 
sphts in F. In this case, there is an isomorphism 

and the building B{U) is especially easy to understand. Even in the split case, 
unless n — 1, the map ()0.2.2p cannot be an equivalence, because T^K^'^) has virtual 
cohomological dimension n, whereas S„ has virtual cohomological dimension n^. 

The action of GU^{Qi) on B{U) gives rise to the following theorem. 

Theorem f Theorem 113.2.9"]) . There is a semi-cosimplicial spectrum Qu{KP'^)* of 

length d = dim B{U) whose sth term (0 < s < d) is given by 

QuiKP'^y ^YlTAFiK{a)). 

The product ranges overU{Qe) orbits of s-simplices [a] in the building B{U). The 
groups K(a) are given by 

K{a) = RPRfXa) 

where Ki{a) is the subgroup of GU^ (Qe) which stabilizes a. There is an equivalence 
(0.2.4) Qu{KP^')^ Tot Qu{KP'')'. 

Remark 0.2.5. Theorem 113.2.91 gives a similar semi-cosimplicial resolution of the 
spectrum Qgu{KP'^). 

The spectra Qu{KP'^) should be regarded as a height n analog of the J-theory 
spectrum. The approach taken in this paper towards defining Qu{KP'^) is different 
from that taken in defining the spectra J and Q{t). The spectra J and Q{t) were 
defined as the totalization of an appropriate semi-cosimplicial spectrum (jO.l.Sp . 
(|0.1.9p . Here, we define Qu{KP'^) to be a hypercohomology spectrum, and then 
show that it admits a semi-cosimplicial decomposition. 

Potential applications to Greek letter elements. We outline some po- 
tential applications the spectra TAF and Qu could have in the study of Greek 
letter elements in chromatic filtration greater than 2. Specifically, we will discuss 
the applicability of our methods towards resolving Questions 10.1.141 and 10.1.161 
We do not anticipate our constructions to be relevant towards the resolution of 
Question 10.1.151 

Existence of Xi^/i^ -^ i^. Suppose that the set of primes S and the compact 
open subgroup K^^^ are chosen such that the corresponding subgroup 

is dense. For instance, S may consist of a single prime t (see Theorem 114.2. 1[) or S 
may always be taken to consist of all primes different from p (see Proposition ll4.2.i)l . 
Then the natural map 

i?°(§„, (i?„)2t/(p°°, . . . , - i/°(r(/^P'^), (i?„)2t/(p°°, . . . , 

is an isomorphism. 

Suppose that S consists of a single prime £ which splits in F. Then we have 
U{Qt) = GLniQi). The equivalences ([OXT|) . ^2M^ and ([OTill may be combined 
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to show that the existence of Xi^j(^i^^_^^,,,^ig) is, under suitable hypotheses, detected 
in the equahzer of the maps 

T,2tMnTAF{KP^'Ki) %\{^2tM^TAF{KP^'K,{a)). 

Here M„ denotes the nth monochromatic fiber, C GLn{Qe) is a stabihzer 
of the unique orbit of 0-simphces in the building S(GL„(Qf)), and the product 
ranges over the orbits [a] of 1-simplices in B{GLn{Qe)), with stabilizers K({a) C 
GLn{Qi)- It is our hope that this relationship will lead to a description of the invari- 
ants Xi^/i^^_-^^,,,^ig (Question l0.1.14"|) related to arithmetic properties of automorphic 
forms analogous to the descriptions for n = 1, 2 given in Section [0?T1 

Non-triviality of Greek letter elements. Miller, Ravenel, and Wilson [MRW77] 
construct Greek letter elements in the n-line of the Adams-Novikov spectral se- 
quence in the following manner. There is a composition of connecting homomor- 
phisms 

dn : i/"((G„, (£;„),/(p°°, . . . , ^ Ext^^;^5p(BP„ BP,). 

Given x^^/^^^ ^^....^q G i7"(G„, (£'„),/(p°°, . . . ,u^__i)), its image under dn is the ele- 
ment in the Adams-Novikov spectral sequence which will detect the corresponding 
Greek letter element ^ ^^ if it exists. Question 10.1.161 is answered in the 

affirmative if 

^«(2;i„/i„-i,...,Jo) 7^ 0- 

Because the length of the semi-cosimplicial resolution of Q{i) is n, there is a corre- 
sponding sequence of boundary homomorphisms for the spectrum Qij{K^'^)^ where 
Question 10.1. 161 mav have a more tractable solution. 

0.3. Organization of this book 

Many chapters of this book are expository in nature, and are meant to serve as 
a convenient place for the reader who is a homotopy theorist to assimilate the 
necessary background information in a motivated and direct manner. 

In Chapter [T] we briefly describe the theory of p-divisible groups, and recall their 
classification up to isogeny. 

In Chapter [2] we review the Honda- Tate classification of abelian varieties up to 
isogeny over Fp. Our aim is to establish that there is an obvious choice of isogeny 
class which supplies height n formal groups of dimension 1. We explain the gener- 
alization to _B-linear abelian varieties. 

In Chapter [3] we describe the notion of a level structure, and explain how homo- 
morphisms of abelian varieties and abelian schemes may be understood through 
the Tate representation. 

In Chapter |4] we introduce the notion of a polarization of an abelian variety, and 
its associated Weil pairing on the Tate module. We review the classification of 
polarizations up to isogeny, which is essentially given by the classification of certain 
alternating forms on the Tate module. 
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In Chapter Owe explain some basic facts about alternating and hermitian forms, 
and their groups of isometrics and similitudes. We summarize the classification of 
alternating forms. This classification completes the classification of polarizations, 
and is subsequently applied to the analysis of the height n locus 5/1'"' of Sh. 

The classification of polarized abelian varieties up to isogeny suggests a natural 
moduli problem to study, which we explain in Chapter [6l There are two equivalent 
formulations of the moduli problem. The moduli problem is representable by the 
Shimura stack Sh. 

In Chapter [3 we summarize the Grothendieck-Messing theory of deformations of 
p-divisible groups. We then explain how this is related to the deformation the- 
ory of abelian varieties via Serre-Tate theory. This machinery is then applied to 
understand the deformation theory of mod p points of Sh. 

In Chapter m we summarize Lurie's generalization of the Hopkins-Miller theorem. 
We then use the deformation theory to apply this theorem to our Shimura stacks 
to define spectra of topological automorphic forms. 

Chapter [9] summarizes the classical holomorphic automorphic forms associated to 
Sh, and explains the relationship to topological automorphic forms. 

In Chapter 1101 we pause to rapidly develop the notion of a smooth G-spectrum 
for G a locally compact totally disconnected group. We define smooth homotopy 
fixed points, and study the behavior of this construction under restriction and 
coinduction. We prove that a smooth G-spectrum is determined up to equivalence 
by its homotopy fixed points for compact open subgroups of G. We define transfer 
maps and observe that the homotopy fixed points of a smooth G-spectrum define 
a Mackey functor from a variant of the Burnside category to the stable homotopy 
category. 

In Chapter [11] we describe i^oo-operations on TAF{K'p) given by elements of the 
group GU{AP'°°). This gives the data to produce a smooth G[7(AP'°°)-spectrum 
Vgu- We then describe how this structure extends to make the functor TAF{—) 
a Mackey functor with values in the stable homotopy category. We discuss the 
obstructions to deducing that the Hecke algebra for the pair {GU{AP''^), K^) acts 
on TAF{KP) through cohomology operations, and give necessary conditions for 
these obstructions to vanish. 

In Chapter[T2l we recall explicit lattice chain models for the buildings for the groups 
GC/((Q,) and U{^i). 

In Chapter [131 the spectra Qgu and Qu are defined. We then describe the semi- 
cosimplicial resolution of Qu- 

In Chapter [131 we describe the height n locus ^/i'"'. We then relate the K{n)- 
localization of TAF and Qu to fixed point spectra of Morava i^-theory. 

In Chapter [TH we study the example of n = 1. In this case the spectra TAF are 
easily described as products of fixed points of the p completion of the complex K- 
theory spectrum. The spectrum Qij{K'P'^) is observed to be equivalent to a product 
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of J-spectra for F and £ chosen suitably well. The reader might find it helpful to 
look ahead to this section to see how the theory plays out in this particular context. 
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p-divisible groups 



If A is an n-dimensional abelian variety over a field k, then it has a group j4[p°°] of 

p-torsion points defined over an algebraic closure k. If k has characteristic distinct 
from p, this is a group abstractly isomorphic to (Z/p°°)^" with an action of the 
Galois group of k. 

However, if p divides the characteristic of k, this breaks down. For example, an 
elliptic curve over a finite field can either be ordinary (having p-torsion points 
isomorphic to the group Z/p°°) or supersingular (having no non-trivial p-torsion 
points whatsoever). In these cases, however, these missing torsion points appear in 
the formal group of the abelian variety. If the elliptic c;iu've is ordinary, the formal 
group has height 1, whereas if the elliptic curve is supersingular, the formal group 
has height 2. The missing rank in the p-torsion arises as height in the formal group. 

The correct thing to do in this context is to instead consider the inductive system 
of group schemes given by the kernels of the homomorphism 

The ind- finite group schemes that arise are called p-divisible groups. 

1.1. Definitions 

Definition 1.1.1. A p-divisible group of height h over a scheme /S is a sequence of 
commutative group schemes over S 

{1} = Go Gi Ga ^ • • • 

such that each G^ is locally free of rank p^'^ over S, and such that for each i > 
the sequence 

— »■ G, Gi+i -^^-^ G,+i 

is exact. 

If S is affine, this corresponds to a pro-system {Ri} of bicommutative Hopf algebras 
over a ring R, with i?j finitely generated projective of rank p'^^. 

Example 1.1.2. Any finite group G gives rise to a finite group scheme Gs over S 

Gs = l[S. 

G 

The inductive system {{{2. / p^)^) s} gives a p-divisible group ((Z/p°°)'*)s of height 
h. 

1 
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Example 1.1.3. Let i? be a p-complete ring, and let G be a formal group over R. 
Let G denote the reduction of G to fc = _R/(p), and assume that G has constant 
and finite height h. The the p-series of G takes the form 

= ux^ + ■ ■ ■ mod p 

with u € ■ The p*-series of G is then given by 

[p']|j(a;) = u'x^ + ■ ■ ■ mod p 

for u' € . We deduce, using Weierstrass preparation, that the ring of functions 
of the formal group G is given by 

OG^R[[x]]^\imR[[x]]/{[p\{x)). 
Therefore, G may be regarded as a p-divisible group of height h over Spec(i?). 

Example 1.1.4. If A/S is an abelian scheme of dimension n, the inductive system 
of kernels of the p'th power maps forms a p-divisible group of height 2n, 

which we denote by A{p). 

Example 1.1.5. Suppose E is an even periodic p-complete ring spectrum. The 
spectrum E is complex orientable, and so associated to E we have a formal group 
law G_B over E°, represented by the complete Hopf algebra £'*'(CP°°) = 
Assume that the height of the mod p reduction of G^; is constant and finite. 
Then Example 11.1.31 implies that taking Spec of the successive quotients Ri = 
-^°[[2^]]/([p*]ge (a^)) gives a p-divisible group over The homotopy equivalence 

allows us to express the Hopf algebra E'^{CP°°) as a limit of the Hopf algebras 
E°{Bfip,) = i?, (see, for example, |Sad92[ 2.3.1]). 

Definition 1.1.6. A homomorphism of p-divisible groups / : G ^ G' is a compat- 
ible sequence of homomorphisms 

/i : Gi — > G^. 

The homomorphism / is an isogeny if there exists a homomorphism /' : G' ^ G 
and an integer k such that //' = [p''] and /'/ = [p'^]. 

If G is a p-divisible group over S, it has a Cartier dual 

G^ = Homgrp.schm/s(G, G„,.). 

If 5 = Spec(i?) and Gi = Spec(i?i), (G^); corresponds to the dual Hopf algebroid 
lloniii{Ri, R). The factorization 

Gi — > Gi_i ^ Gi 
of the pth power map dualizes to a sequence 

G^ ^Gr_i^G^ 

The left-hand maps make the family {G^} into a p-divisible group. There is a 
natural isomorphism G (G^)^, so V is a anti-equivalence of the category of 
p-divisible groups. 
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1.2. Classification 

A p-divisible group is simple if it is not isogenous to a non-trivial product of p- 
divisible groups. If G is a simple p-divisible group over a field k of characteristic p, 
there is a short exact sequence 

^ G° ^ G ^ G'^* ^ 0, 

where (G°)i is connected and (G'^*)i is etale over k |Tat67| . The dimension of G 
is the dimension of the formal group G'^. Height and dimension are both additive 
in short exact sequences and preserved by isogeny. A p-divisible group is classified 
up to isogeny by this data. 

Theorem 1.2.1 ( |Dem72| . |Mil79j ). Let k be an algebraically closed field of char- 
acteristic p. 

(1) Any p-divisible group over k is isogenous to a product Gi of simple 
p-divisible groups, unigue up to permutation. 

(2) Simple p-divisible groups G over k are determined up to isogeny by a pair 
of relatively prime integers {d,h), < d < h, where d is the dimension of 
G and h > 1 is the height. The fraction < < 1 is called the slope of 
the p-divisible group. 

(3) The dual of such a p-divisible group G has height h and dimension h ~ d. 
Thus the slope of G^ is 1 — ^ . 

(4) The endomorphism ring End(G) is the unique maximal order in the central 
division algebra D over Qp of invariant ^ . 

The isogeny class of a p-divisible group is often represented by its Newton polygon. 
One draws a graph in which the horizontal axis represents total height, and the 
vertical axis represents total dimension. Each simple summand of dimension d and 
height h is represented by a line segment of slope ^ , with the line segments arranged 
in order of increasing slope. 

The following is a Newton polygon of a p-divisible group of height 6 and dimension 
3, with simple summands of slope |, I, and 1. 




If A is an abelian variety, the p-divisible group of the dual abelian variety A^ is 
given by A^(p) = [A{p)Y . Every abelian variety A over a field admits a polariza- 
tion, which is a certain type of isogeny \: A A^ (see Chapter |4l in particular 
Remark l4.1.6p . This forces the p-divisible group A(j)) to have a symmetry condition: 
if A is a slope appearing m times in A{p), so is 1 — A. 

Example 1.2.2. There are two possible Newton polygons associated to elliptic 
curves, corresponding to the supersingular and ordinary types. 
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( ?"PT Cordinary^ 
Vsingulary V J 

Suppose that G/S' is a p-divisible group, F is a finite extension field of Q witli ring 
of integers Op, and i: Op ^ End(G) is a ring homomorphisni. Then the map i 
factors through the p-completion oi Op, and gives rise to an associated map 

ip- Op.p End(G). 

Let {ui} be the primes dividing p; then Of,p — Y[^F,ui- In particular, the com- 
pletion contains idempotents ej whose images in End(G) give a direct sum decom- 
position 

G^0G(Mi). 

i 

If A is an abelian variety with a map Op —>■ End(A)(p) and m is a prime of F 
dividing p, we write A{u) for the corresponding summand of its p-divisible group. 
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The Honda- Tate classification 



In this chapter we wiU state the classification, due to Honda and Tate [Hon68) . 
|Tat71) ■ of abehan varieties over Fpr, and over ¥p. 

2.1. Abelian varieties over finite fields 

Define the set of quasi-homomorphisms between abelian varieties A and A' to be 
the rational vector space 

Hom°(^, A') = Hom(y4, A') ® Q. 

(The set Honi(yl, A') is a finitely generated free abelian group.) Let AbVar^ denote 
the category whose objects are abelian varieties over a field fc, and whose morphisms 
are the quasi-homomorphisms. A quasi-isogeny is an isomorphism in AbVar^. An 
isogeny is a quasi-isogeny which is an actual homomorphism. 

A proof of the following theorem may be found in [Mum 761 IV. 19]. 
Theorem 2.1.1. The category AbVar^ is semisimple. 

Corollary 2.1.2. For an abelian variety A G AbVar^, the endomorphism ring 
End'^(yl) is semisimple. 

Suppose that A is a simple abelian variety over ¥g, where q = p^. A admits a 
polarization A: ^ — + A"^ (Chapter 3]). The quasi-endomorphism ring E = End" (A) 
is of finite dimension over Q. Because A is simple, this is also a division algebra. 
The polarization A induces a Rosati involution * on E (see Section |4?2|) . Let M be 
the center of E, and let m be given by 

[E : M] = w?. 

The field M is a finite extension of Q. Let d be the degree \M : Q]. 

The involution * restricts to an involution c on M . Because the Rosati involution 
is given by conjugation with the polarization, c is independent of the choice of 
polarization A. Let M"*" be the subfield of M fixed by c. The involution * satisfies 
a positivity condition that implies that Af + must be totally real, and if M ^ M+, 
then M is a totally imaginary quadratic extension of A/+. In other words, M is a 
CM field. 

Because A is defined over F^, it has a canonical Frobenius endomorphism tt S 
End(A) n M. The ring End(A) is finitely generated over Z, and so tt must be in 
the ring of integers Om- 
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Theorem 2.1.3 (Weil, Honda- Tate). 

(1) The field M is generated by tt over Q. 

(2) The algebraic integer n is a Weil 9- integer, i.e. has absolute value q^^^ in 
any complex embedding Af ^ C. 

(3) The local invariants of E at primes x of M are given by 

mVxE ~ 1/2, X real, 

ilWa:E = 0, X J( p, 

iiw, E = ^[M, : Qpl x\p. 
x{q) 

where x{—) denotes the valuation associated to a prime x. 

(4) The dimension of A satisfies 2dim(A) = d-m, and m is the least common 
denominator of the inv^ E. 

(5) The natural map 

{quasi-isogeny classes of simple abelian varieties over Fg} 

i 

{ Weil q-integers} ^ {n *(^') for any i: M ^ M'} 
is a bijection. 

(6) For abelian varieties A and B and any prime i, the map 

Romr ^{A,B)e ^ llom^^,^^^/^JA{e),Bie)) 
is an isomorphism. 

The inclusion map F^r induces an extension-of-scalars map 

A^^A X Spec(F5.), 

Spoc(F,) 

which preserves quasi-isogenies. Under the bijection of Theorem 12.1. 3[ the quasi- 
isogeny class corresponding to the Weil q-integer tt is taken to the quasi-isogeny 
class corresponding to tt''. 

2.2. Abelian varieties over Fp 

In this section we state the classification of abelian varieties over Fp, which is a 
consequence of the classification over finite fields. Wc follow the treatment given in 
IHTOll Sec. V.2]. 

Suppose that A is a simple abelian variety over ¥p, E = End°(A), and M the center 
of E. 

Suppose that the prime p splits in M as 

(p) = xl"^ ■ ■ ■ xl"'' c(a:i)''"=i • • • c(a;fc)''"fc x^'^^'i ■ ■ ■ x'l^'i 

where the primes x\ are c-invariant. For each prime x of M dividing p, let fx denote 
the residue degree, and define 



2.2. ABELIAN VARIETIES OVER Fp 



7 



to be the local degree, so that dx — exfx- 

The decomposition Mp — Y\x\p induces a decomposition of the p-divisiblc group 
A{p) (in the quasi-isogeny category) 

A(p)^0A(x). 

x\p 

There is a corresponding decomposition of the p-complete algebra Ep into simple 
local algebras 

x\p 

The following theorem appears in [WM7lj . 

Theorem 2.2.1 (Tate). Let A and A' be abelian varieties overWp. The canonical 
map 

Hom(A,^')p Hom(A(p), A'(p)) 

is an isomorphism. 

Therefore, there are isomorphisms 

^ End°{A{x)). 

Because each of the algebras E^ is simple, each of the p-divisible groups A{x) must 
have pure slope Sx (or equivalently, be quasi-isogenous to a sum of isomorphic 
simple p-divisible groups of slope Sx)- By relabeling the primes, we may assume 
that < Sc{xi)- Since [Ex : Mx] = m^, A(x) must be of height m as a p-divisible 
Mjj-module, and hence it must have height dxm as as a p-divisible group. Express 
the dimension of the p-divisible group A(x) as 

dim.A{x) = rixfxm 

for 7]x e Q. 

We analyze the Newton polygons of these p-divisible groups. For the primes Xi, the 
polarization A induces a quasi-isogeny 

A,: A{x,) ^ A{c{x,)y . 

Thus we must have 

^Xi — 1 ^c{xi) • 

The dimension of A{xi) © A{c{xi)) may be computed: 

dim A{xi) © A{c{xi)) = Sx^dx^m + Sc{xi)dc{x,)m 
= Sxidx,m + (1 - Sxi)dx,m 
= dxiTn. 

The Newton polygon for A{xi) © A{c{xi)) therefore must take the following form. 



'c(x) X 



T] f m 

X X 
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A(x) A(c(x)) 




d m 

X 



2dm 

X 

For the primes , the polarization induces a quasi-isogeny 

A: A{x'^) ^ A{x'^y . 

This imphes that Sx'. = 1 — Sx'., which forces Sx'. — 1/2. The Newton polygon for 
A{xj) therefore takes the following form. 

A(x) 



slope = 1/2 




d m/ 
X /2 



d m 

X 

Since the dimension of the p-divisible group A{p) must be the dimension of A, we 
deduce that 

dim A = dm/2. 
We also see that for all x, the values rjx must satisfy 
(2.2.2) rix/ex + ilc{x)l(ix = '^- 

The slopes are recovered by the formula 

— Tlx I ^x • 



The data (M, {rjx)) consisting of a CM field M and {rjx) satisfying condition (|2.2.2p 
is called a p-adic type. The p-adic type associated to A is independent of the polar- 
ization A, and invariant under quasi-isogeny. If A is an abelian variety defined over 
Fpr with associated CM field M and Frobenius morphism tt € M, the associated 
p-adic type is (M, (a;(7r)/r)). (Here the valuation x is normalized so that a; (p) — Cx.) 



We may form a category of p-adic types. A morphism 



(Af,(,y,))^(M',(ry;,)) 
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consists of an embedding M ^ M' such that if a; is a prime of M, and x' is a prime 
of M' dividing x, then we have 

Vx' ~ ^x'/xVx- 

A p-adic type (M, {rjx)) is said to be minimal if it is not the target of a non-trivial 
morphism in the category of aU p-adic types. The p-adic type associated to a simple 
abelian variety A is minimal. 

Theorem 2.2.3 (Honda- Tate) . 

(1) The natural map 

{quasi-isogeny classes of simple abelian varieties overWp} 

i 

{minimal p-adic types} 

is a bijection. 

(2) // A is the simple abelian variety associated to a minimal p-adic type 
(M, {rjx)), then the local invariants of E = End (A) are given by 



invx E = 


1/2, 


X real, 


inva; E — 


0, 


X /( P, 


\avx E = 


Vxfx 7 


x\p. 



For our homotopy theoretical applications, we are interested in the most basic 
abelian varieties A over Fp for which the p-divisible group A(j)) contains a 1- 
dimensional formal group of height n. The Honda- Tate classification tells us that 
for n > 2, the smallest such example will have p-adic type {M, {rjx)) where 

(1) M is a quadratic imaginary extension of (Q) in which p splits as x c{x). 

(2) Tjx = l/n and rj^^x) = [n - l)/n. 

Furthermore, given any quadratic extension AI as above with a chosen prime x over 
p, there exists a unique quasi-isogeny class of abelian variety of dimension n with 
complex multiplication by F such that A{x) has slope l/n. 

Let i? be a simple algebra whose center F is a CM field, so that \B : F\ — s"^ . We 
shall want to consider abelian varieties A with the data of a fixed embedding 

i: End"(yl). 

We consider the semisimple category AbVar^ {B) consisting of such pairs {A,i), 
where the morphisms are B-linear quasi-homomorphisms. We shall refer to such 
objects as B-linear abelian varieties. 

Kottwitz |Kot92[ Sec. 3] makes some very general observations concerning this 
set-up, which we specialize to our case below, following |HT011 V.2]. A p-adic type 
over is a p-adic type (L, {rjx)) where L is an extension of F. A p-adic type over 
F is minimal if it is minimal in the category of p-adic types over F . Every simple 
B-linear abelian variety {A, i) is isotypical (isogenous to Aq for Aq simple) when 
viewed as an object of Ab Vary |Kot92[ Lem. 3.2]. 



10 



2. THE HONDA- TATE CLASSIFICATION 



Given a _B-linear abelian variety {A, i) which is isogenous to Aq with simple, 
define the following: 

E = End°(Ao), 
M — center of E, 
D = Ends (A), 
L = center of D, 

Observe that M is naturally contained in L, since it is central in End'' (A). Observe 
also that F, when viewed as lying in End*' (A), also must be contained in L. Kottwitz 
[Kot92[ Lem. 3.3] observes that L is a factor of F ®q M. He shows that this gives 
a correspondence 

{simple B-linear abelian varieties {A,i), A isotypical of type ^o} 

I 

{fields L occurring as factors of F (8)q M} 

Since L is a factor of F ®q M, and both F and M are CM fields, L must be a CM 
field. 

Let (M, (I'y)) be the p-adic type of ^o- We may associate to A the p-adic type 
(L, (r]x)) over F, where, if a; is a prime of L lying over a prime y of M, the value of 
r]x is given by 

If A is simple in AbVar^ (B), then the associated p-adic type {L^rjx) is minimal 
over F. 

If X is a place of L which is not invariant under the action of the conjugation c, 
then the Newton polygon for the p-divisible i?-module A{x) © A{c{x)) is displayed 
below. 



A(x) A(c(x)) 




dvSt 



2d, St 

Otherwise, if x is a place of L which is invariant under the conjugation action, then 
the Newton polygon of the p-divisible group A{x) takes the following form. 
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A(X) 



slope =1/2 




dvSt 



The dimension of the abelian variety A is related to this data by the formula 

dim^ = dst/2. 

Kottwitz proves the following variation of the Honda- Tate classification for S-linear 
abelian varieties [Kot92i Lem. 10.13]. 

Theorem 2.2.4 (Kottwitz). The simple objects of AbVar^ {B) are classified as 
follows. 

(1) The natural map 

{quasi-isogeny classes of simple B-linear abelian varieties overWp} 



is a bijection. 

(2) // A is the simple B-linear abelian variety associated to a minimal p- 
adic type (L, (rjx)) over F, then the local invariants of the central division 
algebra D — End^{A) over L are given by: 




1/2 - inYx{B ®F L), 
— mYx{B ®F L), 
Vxfx - inVa;(B ®_F L), 




x\p. 



CHAPTER 3 



Tate modules and level structures 



3.1. Tate modules of abelian varieties 

Let A be an abelian variety over an algebraically closed field k. Assume £is a prime 
distinct from the characteristic of k. Let 

A[£°°] C Aik) 

denote the ^-torsion subgroup of /c-points of A. If A is an abelian variety of dimen- 
sion g, then there is an abstract isomorphism 

A[i°°] = limA[e] ^ {z/e°°fs. 

i 

The (covariant) £-adic Tate module of A is defined as the inverse limit 

Te{A) = limA[e] ^Zf . 

i 

The inverse limit is taken over the itli power maps. We define 

ViiA) ^TeiA)^Q. 
Let Z^(l) denote the £-adic Tate module of the multiplicative group, 

Ze{l) = limAt^. ^ Ze. 

i 

There are natural isomorphisms 

^Hom(A[f],/x,.), 
and taking limits gives rise to a natural isomorphism 

T^(A^) ^Homz,(T^(A),Zf(l)). 

It is useful to consider the collection of all Tate modules at once. Let p be the 
characteristic of k. We will denote 

TP{A) = l[Tt{A). 

Tensoring with Q, we get a module over AP'°°: 

VP (A) = TP (A) Q. 
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3. TATE MODULES AND LEVEL STRUCTURES 



3.2. Virtual subgroups and quasi-isogenies 

Let A be an abelian variety over k, an algebraically closed field of characteristic p. 

For a subring R of Q, an ii-isogeny of abelian varieties A ^ A' is a. quasi-isogeny 
that lies in 

i?(8)z Hom(A, A'). 
An invertible i?-isogeny is one whose inverse is also an i?-isogcny. 

Let A[torP] be the subgroup of A{k) consisting of torsion elements of order prime 
to p. There is a natural surjection 

tta: VP{A) ^ A[torP] 

with kernel Tp{A). For each finite subgroup H c A[tor^] there is a corresponding 
lattice TT^^H) c VP {A) such that Tp{A) C ir-'^{H). 

More generally, wc can define the set of prime-to-p virtual subgroups of A, VSub''(A), 
to be the set of lattices K C VP{A). For any such K, there exists some integer A'' 
with N ■ TP{A) CK and[K :N- Tp{A)] < oo. 

A Z(p)-isogeny 0: A ^ A' induces an isomorphism VP (A) — » VP {A'). We define 
the kernel of the quasi-isogeny ^ to be 

Ker{(t>) = (f>-\TP{A')) e VSub^ (yl). 

Given a virtual subgroup H c VP (A) there is a way to associate a quasi-isogeny 
with kernel H. Let N be an integer such that TP{A) C N~^H, so the image of 
N~^H in A is a finite subgroup K. The quasi-isogeny (j)H associated to H is the 
isogeny 

cj^H-.A^ A/K A/K 

where (pK is the quotient isogeny associated to K, and [N~^] is the quasi-isogeny 
which is inverse to the A'^th power map. The quasi-isogeny cpH actually depends 
on the choice of N, but a different choice N' yields an isogeny which is canonically 
isomorphic. Indeed, consider the following diagram. 

A^ 
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The composites given by the two rows in the above diagram are actual isogenics, 
and the canonical isomorphism in the diagram above exists because the kernels of 
these isogenics are equal. For now we will commit the of abuse of defining A/H to 
be A/K. 



3.3. Level structures 

Let 1^ be a rational vector space of dimension 2n, and fix a Z-latticc L <zV . Define 



Assume that A is an abelian variety of dimension n over an algebraically closed field 
k of characteristic p. By an integral uniformization we shall mean an isomorphism 

^: LP ^TP{A). 

By a rational uniformization we shall mean an isomorphism 

r]-. ^ VP{A), 

Let Kq = Aut(LP) be subgroup of Aut(yf ) given by the lattice automorphisms: 
Kl = {ge Aut(yf ) : g{L^) = L^}. 

There is a natural action of Aut{VP) on the set of rational uniformizations of A. Let 

RP be a subgroup of Aut{VP). A rational K^-level structure [7]]kp is the /fP-orbit 
of a rational uniformization rj. We say that [r]]KP is an integral K^-level structure 
if r) is an integral uniformization. 

Let £jiP (A) be the set of rational ii'Q-level structures on A. There is a natural map 

k: Ckp{A) -^YSuhP (A). 

Given [r]] € jCxg{A), define 

K{[v])=v{Ln. 

Indeed, there exists a positive integer N such that ri{LP) contains N ■ TP (A). Since 
the image ri{LP) is compact, the index [ri{LP) : A'^-r*'(^)] must be finite. Therefore 
r]{LP) is a virtual subgroup K{ri) G VSub^ (A). Automorphisms of LP do not alter 
the image r]{U'), so the virtual subgroup ri{LP) depends only on the ii'o-orbit of r]. 

Lemma 3.3.1. A rational level structure r]: — > Vp{A) restricts to an integral 
level structure if and only if the virtual subgroup K,{r]) is Tp{A). 
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3.4. The Tate representation 

Let fc be a field, and let i be distinct from the characteristic oik. If ^ is an abelian 
variety over k, the £-adic Tate module of A is defined by 

Tt{A)^Ti{A®kk)- 

The Tate module gives a faithful representation of the category of abelian varieties 
over k (See, for instance, |Mil98| Lem. 9.6]). 

Proposition 3.4.1. Let A and A' he abelian varieties over k. The natural map 
Hom(A, A') (g}Ze^ llomz,{TiA, TiA') 

is a monomorphism. 

The integral Tate module can be used to isolate the lattice of homomorphisms using 
the following lemma. 

Lemma 3.4.2. Let A and A' he abelian varieties over k. The diagram 
Hom(A, A') (g) 1e *- Homz, {TeA, TiA') 



Hom(A, A') (g) Qe ^ HomQ, {VeA, VeA') 

is a pullback square. 

Proof. Suppose that / e Hom(A, A') (g) Qe has the property that f*iTiA) C 
TiA' . There is some i so that g — t f is contained in Hom(A, A')®!^^. Then g*(T^A) 
is contained in C-T^A' . Express g in the form 5 = 5i + ^'.92 for gi E Hom(A, A') 
and g2 G Hom(A, A') ® l^e- We deduce that the map 

(51)*: A[e]-.A'[e] 

is null. We therefore have the following factorization. 

A Si A, 

A A' 

/ 



A 

We deduce that f = fi + g2 hes in Hom(A, A')(g)Zi. □ 
3.5. Homomorphisms of abelian schemes 

In this section we explain how the results on abelian varieties given in the last 
section extend to abelian schemes. Fix a connected base scheme S, let a; be a point 
of S, and let A and A' be abelian schemes over S. As observed in |Fis75) . the 
following proposition follows immediately from [Mum65l Cor 6.2]. 

Proposition 3.5.1. The restriction map 

Homs(A,A') ^Hom,(A„A;) 

is a monomorphism. 
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Lemma 3.5.2. Suppose that S is a scheme over Z[l/i']. Then the diagram 
Horns (A, A') (^) ^Homa;(Aa;, 



is a pullhack. 

Proof. Suppose that / G YloTJig{A, A') has the property that fx actually lies 
in 'iioTa.x{Ax, A'^)t^t,). Let N coprime to (. and i be chosen so that g — i^Nf lies in 
}ioms{A, A'). Then the homomorphism of etale group schemes 

g,: Ax[t]^Ai[t] 

over X is null. Consider the map 

g: A[t] -> A'[t] 

of etale group schemes over S. Now every connected component of A[£^] contains a 
point of and the zero-section Oa' is a connected component of Since 

g maps every point of Ax[£^] to the component 0^', we deduce that g must map all 
of A[£^] to zero. Therefore, we get a factorization 

A^^A' 

W] 

a" 

and we see that / = N^^gi lies in lloms{A, A')i^^y □ 

Lemma 13.5.21 combines with Lemma 13.4.21 to give the following corollary. 
Corollary 3.5.3. Let s be a geometric point of S. The square 
Homs(A, A')e ^ Homz, (r,(A,), r,(A'J) 

' ■ " 
Homs(^, A')i ® Q ^ HomQ,(T/,(A,), VeiA)) 

is a pullhack. 



CHAPTER 4 



Polarizations 



For us, polarizations serve two purposes. Firstly, the automorphism group of an 
abelian variety is often infinite. However, the subgroup of automorphisms which 
preserves a polarization is finite. Therefore, the moduli of polarized abelian varieties 
is more tractable. Mumford |Mum65] made use of geometric invariant theory to 
prove representability of moduli spaces of polarized abelian varieties, which serves 
as a starting point for the representability of the moduli problem associated to 
PEL Shimura varieties. Secondly, in Chapter [7] we shall see that the structure of a 
polarization on an abelian variety A can be used to control the deformation theory 
of a compatible splitting of the p-divisible group A(p). 

In this chapter we outline some of the theory of polarizations of an abelian vari- 
ety. We recall the definition of a polarization and the associated Rosati involution. 
These give rise to Weil pairings on the Tate module. We then describe the classi- 
fication of polarized abelian varieties over finite fields. Our treatment is based on 
those of ^Hid04] . |HTOT] . and |Kot92j . 

4.1. Polarizations 

Let A be an abelian variety defined over a field k. The functor 

PiCyi/fc ■ k — Schemes Abelian groups, 
which associates to a A:-scheme 

/: S'^Spec(fc) 

the set 

p.^ r Isomorphism classes of invertible sheaves over f*A which 

^^''^ ' 1 restrict to the trivial line bundle on the subscheme 0/*^ 

is representable by a group scheme Pic^/j, [MumTOJ Sec 13]. The dual abelian 
variety is defined to be the identity component of this scheme: 

A^ = Pic^fc . 

If B is an abelian variety over k, then specifying a fc-morphism 

a: A^B"" 

is the same as giving an isomorphism class of line bundles La over A X/^ B which 
restricts to the trivial line bundle on the subscheme A Ob. The morphism a 
satisfies a(OA) = Obv if and only if the line bundle is also trivial when restricted 
to the subscheme 0^ B. 
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Proposition 4.1.1. The map 

, A f Isomorphism classes of line bundles on 

Rom(A,B ) < , n , • • , o n , A 

^ ' y Ay.].B, trivial on\)A Xk B and A XkOA 

given by sending a homomorphism a to the corresponding line bundle La is an 
isomorphism. 



Proof. We only need to check that every morphism a: A ^ such that 
oi{Qa) = Obv is a homomorphism. That is, we need the foUowing diagram to 
commute. 



Ay.kA 



A- 



B^ 



This is equivalent to verifying that the line bundles 

LcxotiA ~ il^A X 1) Z/Q and i^^gvoaxa 

over A Xk A Xk B are isomorphic. Here 

p^: A Xk A Xk B A Xk B 



are the two projections. However, the two line bundles are easily seen to agree on 
the subschemas ^A'^kAxkB^Axk^A'^kB, and Axk Axk^B- The theorem of 
the cube [MilQS] therefore implies that these line bundles must be isomorphic over 
AxkAxkB. □ 



The identity map 1 : gives rise to the Poincare bundle Li on Xk A. 

The line bundle Li, when viewed as a bundle over A Xk corresponds to a 
canonical isomorphism 

A^iA^y. 

Given a homomorphism a: A ^ B, there is a dual homomorphism 



(1) PuUback along a gives a natural transformation of functors 

a*: Pics/fc ^ Pic^/fc, 

hence a map on representing objects, which restricts to on connected 
components. 

(2) Use the canonical isomorphism B ^ (S^)^, and take the corresponding 
line bundle La over A Xk B^ . The puUback t*Lq under the twist map 

r: XkA^AxkB"" 
corresponds to the homomorphism 
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A homomorphism A : A — > is symmetric if the dual homomorphism 

equals A. By the second description of the dual homomorphism given above, this 
condition is equivalent to requiring the line bundle Lx over A Xk A to satisfy Lx ^ 
T*Lx, where r: A A Axk Ais the interchange map. 

Example 4.1.2. Let L be a line bundle over A. Then the line bundle ^i\L (g) 
pIL^^ (E)P2L^^ is a degree line bundle over Ax A which is trivial on Oa Xk A and 
j4 Xfe Oa. Here fiA ■ ^ A — > ^4 is the multiplication map, and pi : A x^ A ^ A 
are the two projections. The corresponding homomorphism 

Xl: A^A"" 

is symmetric. 

In fact. Theorem 2 in |Mum70l Sec 20], and the remarks which follow it, give the 
following converse. 

Theorem 4.1.3. If k is algebraically closed, and a: A A'^ is a symmetric ho- 
momorphism, then there exists a line bundle L over A so that a = Xl- The line 
bundle L satisfies 

where A: A ^ A Xi^ A is the diagonal. 

The following theorem |Mum70l Sec 16] gives a criterion for determining if a 
symmetric homomorphism A A'^ is an isogeny (has finite kernel). 

Theorem 4.1.4. Suppose that L is a line bundle on A. Then the following condi- 
tions are equivalent. 

(1) The symmetric homomorphism Xl is an isogeny. 

(2) There is a unique <i < dim A such that H],^^[A,L) is non-trivial, and 
Hi^^{A,L)^0forj^2. 

The integer i = i{L) in the previous theorem is called the index of L. The index is 
if L is ample |Har77[ III.5.3]. 

Definition 4.1.5. Let A be an abelian variety defined over an algebraically closed 
field k. A polarization of A is a symmetric isogeny 

A = Al : A^A"" 

determined by a line bundle L which is ample. 

Remark 4.1.6. Abelian varieties are in particular projective, and hence admit 
ample line bundles. Therefore, every abelian variety admits a polarization. 

Remark 4.1.7. The theory of symmetric homomorphisms for abelian varieties is 
analogous to the theory of symmetric bilinear forms for real vector spaces. Let 
B{—, —) be a symmetric bilinear form on a real vector space V. The symmetric 
homomorphism Xl associated to a line bundle L is analogous to the symmetric 
bilinear form 

B{x,y)^Q{x + y)-Q{x)-Q{y) 
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associated to a quadratic form Q. Theorem l4.1.3l is an analog to the fact that every 
form B arises this way, with 

Representing a form _B by a hermitian matrix A, the index of a symmetric isogeny 
is analogous to the number of negative eigenvalues of A. A polarization is therefore 
analogous to a positive definite quadratic form. 

If A = Ai is a polarization, then nX — Xi^tgm is a polarization for n a positive integer. 
Two polarizations A and A' are equivalent if nX — mX' for some positive integers n 
and m. A weak polarization is an equivalence class of polarizations. 

We defined polarizations only for abelian varieties defined over an algebraically 
closed field. If A is an abelian scheme over a scheme S, then a polarization of A is 
an isogeny 

A: A^A"" 

which restricts to a polarization on geometric fibers. 

4.2. The Rosati involution 

Let A be an abelian variety over an algebraically closed field k, and let X — Xl be 
the polarization of A associated to an ample line bundle L. 

The polarization A induces an involution f on the semi-simple Q-algebra End" (A) ; 
for / G End (A), the quasi-endomorphism is given by the composite 

p: A^A"" ^A"" ^A. 

This involution is the Rosati involution associated to the polarization A. If the 
polarization A is replaced by nX for some n > 0, the associated Rosati involution 
remains the same. Therefore, the Rosati involution depends only on the weak 
polarization determined by A. 

The positivity of the line bundle L implies that the Rosati involution is positive in 
the following sense. 

Theorem 4.2.1 ( |Mum70| Sec 21]). Let E ^ End°(yl), and suppose f e E is 
nonzero. Then 

TrE/qiff^) > 0. 

Here Tt^ /q is the trace map. 

4.3. The Weil pairing 

Suppose that k is algebraically closed, and that X: A ^ is a polarization of A. 
Then A induces a map 

A* : A[t] A^'lt] = Hom(^[r],^^0 
whose adjoint gives the X-Weil pairing 

A(-,-)f.: A[e]xA[e]^fie^. 
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Taking the inverse limit over i, we recover a natural bilinear pairing 

A(-,-): Te{A) X T,{A) ^ Z,{1) 

called the X-Weil pairing. The induced pairing 

A(-, -) : Vi{A) ®Q, Ve{A) ^ Q,(l) 

is non-degenerate, because A is an isogeny. It can be shown that the pairing A(— , — ) 
is alternating |Mum70| Sec 20]. 

4.4. Polarizations of U-linear abelian varieties 

Let A be an abelian variety over a field k. Let S be a simple Q-algebra. Recall from 
Section [2T2I that a i?-linear abelian variety {A, i) is an abelian variety A/k together 
with an embedding of rings i: B '-^ End {A). Suppose that * is an involution on 
B. 

Definition 4.4.1. A polarization A on {A, i) is compatible if the A-Rosati involution 
restricts to the involution * on B. 

Theorem 14.2.11 implies that for a compatible polarization to exist, the involution * 
must be positive. Conversely, we have the following lemma. 

Lemma 4.4.2 ( |Kot92l Lemma 9.2]). //* is a positive involution on B, and {A,i) 
is a B-linear abelian variety, then there exists a compatible polarization A on A. 

The B-linear structure on A gives the Tate module Vi{A) the structure of a B- 
module. The compatibility condition on the polarization implies that the A- Weil 
pairing is *-hermitian: for all x,y Cz Vi{A) and b G B, we have 

X{bx,y) ^ X{x,b*y). 

4.5. Induced polarizations 

Let A = Al be a polarization of an abelian variety A, with associated ample line 
bundle L. Let 

a: A' ^A 

be an isogeny of abelian varieties. Then a induces an isogeny a* A by the composite 

a*X: A' ^A^A"" ^ {^Y . 

It is easily verified that a* A is the symmetric homomorphism associated to the line 
bundle a*L. Since this line bundle is ample, we see that a*X is a polarization of 
A'. 

Suppose that (A, A) and (A', A') are polarized abelian varieties. An isogeny 

a: A! ^ A 

is an isometry if a* A = A'. If a* A is only equivalent to A', we say that a is a 
similitude. The following lemma follows immediately from the definition of the 
Rosati involution. 
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Lemma 4.5.1. Let A be an abelian variety with polarization A and let f be the Rosati 
involution on End*' (A). Let a: A ^ A be an isogeny. Then: 

a is an isometry <^ a^a — 1, 
a is a similitude <^ a^a £ . 

An isometry a: A ^ A of sl polarized abelian variety (A, A) induces an isometry 

a,: {Ve{A),\{-,^))^{Ve{A),X{-,-)) 

of the A- Weil pairing on each ^-adic Tate module. If a is merely a similitude, then 
a* is a similitude of the A- Weil pairing: we have 

A(a,(x),a,(y)} = i/(a)A(x,j/) 

for some z^(a) G , and all x,y E Vi{A). 

4.6. Classification of weak polarizations 

Assume that k has finite characteristic p. We briefly recall the classification up 
to isogeny of compatible weak polarizations on a _B-linear abelian variety {A,i), 
following I HTOH V.3]. 

Consider the following: 

B = simple Q- algebra, 
* = positive involution on B, 
{A, i) ~ i?-linear abelian variety over an algebraically closed field k, 
A = compatible polarization of {A, i). 

Define an algebraic group H(A,i.\)/Q. by 

H(A,^M^) = e (End^(A) ® Ry : h'^h £ i?^}. 

Here, j is the A- Rosati involution. Note that by Lemma [4.5.1) H{A,i.\){Q) is the 
group of quasi-endomorphisms of A which are similitudes of the polarization A. 

We shall say that a compatible polarization A' is lies in the same similitude class 
as A if there exists a quasi-isometry a: A A so that a*X is equivalent to A. 

Lemma 4.6.1 f [HTOl[ Lem V.3.1]). There is a bijective correspondence between 
similitude classes of compatible weak polarizations on A and elements in the Galois 
cohomology kernel: 

ker(iJi(Q,i7(^,,,;,)) ^ H\R, H^A,r^^))) 

Remark 4.6.2. Non-abelian Galois is a pointed set. The kernel is the collection 
of elements which restrict to the distinguished element at the completion oo of Q. 
This condition reflects the fact that the index of the symmetric homomorphism A' 
must agree with the index of A in order to be a polarization. 



4.6. CLASSIFICATION OF WEAK POLARIZATIONS 



25 



Assume now that ^ is a prime different from p. Let GUvi(A) be the algebraic group 
(over Qf) of i?-Unear simihtudes of {Vi{A), A(— , — )): 

/-r,\ f 1 /^r/A\\ n\x there exists G i?^ such 1 

GC/v..(^)(i?) = |gE(End.(T/,(A))8Q,i?)x : that A(5(.), 5^))= K5)A(x, y) j" 

Simihtude classes of non-degenerate *-hermitian alternating forms on Vi{A) are 
classified by elements of H^{^t,GUvi(A))- 

Since similitudes of {A, A) induce similitudes of {yi{A), A(— , — )), there is a homo- 
morphism of algebraic groups 

H(A,i,\) Xspcc(Q) Spec(Q^) GUvi,(A) 
which induces a map on Galois cohomology 

Lemma 4.6.3 ( |HT011 Lem V.3.1]). Let A' he a compatible polarization of {A,i). 
The image of the cohomology class [A'] G iJ"'^(Q, ^ >)) in H^{Qi,GUve{A)) quan- 
tifies the difference between the similitude classes of alternating forms represented 
by A'(-, -) and X{~, -) on VeiA). 

In practice, the cohomology class [A'] is often computed by means of its local in- 
variants in this manner. 



CHAPTER 5 



Forms and involutions 



In Section 14.61 we saw that polarized i?-linear abelian varieties up to isogeny were 
classified by the Galois cohomology of the similitude group of an alternating form. 
In this chapter we will explicitly outline the Galois cohomology computations rele- 
vant for this book. Most of the results in this chapter may be found elsewhere (see, 
for instance, [Sch85) ). but for convenience we enumerate these results in one place. 



5.1. Hermitian forms 



We shall use the following notation. 

F — quadratic imaginary extension of Q. 
c = conjugation on F. 

B = central simple algebra over F of dimension . 
* = positive involution on B of the second kind. 
V = free left i?-module of rank 1. 

C = EndB(y) (noncanonically isomorphic to B°^). 



(An involution of B is said to be of the second kind if it restricts to the conjugation 
c on F.) 

Remark 5.1.1. For B to admit an involution * of the second kind it is necessary 
and sufficient [Sch85) that 

imfx B = 

for all finite primes x which are not split in F and 

inVy B + mVyc B — 
for all finite primes x which split as yy'^ in F. 

In Section [32] we explained how classification of compatible weak polarizations on 
a i?-linear abelian variety was equivalent to the classification of certain alternating 
forms. For this reason, we are interested in non-degenerate alternating forms 

(-,-): V^qV^Q 

which are *-hermitian, meaning that 

{bv, w) = {v, b*w). 
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for all 6 G -B and v,w (z V . Two *-hermitian alternating forms (— , — ) and (— , — )' 
on V arc said to be similar if there exists an endomorphism a € C and a unit 
iy{a) G so that 

{av,aw)' = v(a){v,w) 

for all v,w & V. If a may be chosen so that v{a) = 1, then we shall say that (— , — ) 
and (—,—)' are isometric. 

Such an alternating form induces an involution i on C via the formula 

{cv, w) = {v, ^w). 
Two similar forms induce the same involution t. 

We shall say that a bilinear form 

(-,-): V^qV^F 
is ^-symmetric if it is i^-linear in the first variable, and 

{v,w) = {w,vy. 



For definiteness, we shall let 

V = B 
F-- 



where B is regarded as a left i3-module, and = d for a negative square-free 
integer d. There is a natural identification C = B"p. 

Lemma 5.1.2. There is an one to one correspondence: 

{non-degenerate *-hermitian alternating forms {—,—) on V} 

I 

{non- degenerate *-hermitian ^-symmetric forms (— , — ) on V} 



Proof. Given an alternating form (— , — ), the corresponding ^-symmetric form 
is given by 

{v, w) = {dv, w) + d{v, w). 
Given a ^-symmetric form (—,—), the corresponding alternating form is given by 



^"'"'^ = ^TrJ./Q'^(^'^)• 



□ 



The non-dcgcncracy of the involution * allows one to deduce the following lemma, 
which makes everything more explicit. 

Lemma 5.1.3. Let (— , — ) be a non- degenerate *-hermitian alternating form. There 
exists a unique element (3 £ B = V satisfying (3* = —(3 which encodes {—, —): 

{x,y) =TvF/QTrB/F{xf3y*). 
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Regarding (3 as an element j of C — B°p , we have that the involution on C is given 
by 



Corollary 5.1.4. There is a ^ G B satisfying ^* = ^ so that the ^-symmetric 
pairing , — ) associated to the alternating form {—, — ) of Lemma \5.1.3\ is given by 

{x,y) = TrB/F{x£,y*)- 

Proof. The element ^ is computed to be 2(5/3. □ 

For a non-degenerate *-hermitian ^-symmetric form (—,—), we define the discrim- 
inant 

disc = iVB/j.(e) e QV^^f/q(J^^) 

for ^ the element of Corollary l5.1.4l The discriminant is an invariant of the isometry 
class of (— , — ). 

Two involutions t and t' are equivalent if there exists a c e so that 

cx'c'^ = {cxc'^y' . 

We finish this section by explaining how the classification of involutions up to 
equivalence is related to the classification of hermitian forms. 

Proposition 5.1.5. The association of an involution on C with a non-degenerate 
^-hermitian alternating form on V establishes a bijective correspondence 

{Similitude classes of non- degenerate ^-hermitian alternating forms on V} 

I 

{Equivalence classes of involutions of the second kind on C} 
We first need the following lemma. 

Lemma 5.1.6. Let l he an involution of the second kind on C. Then there exists an 
element 7 e satisfying 7* — —7 which gives l by the formula 

x^ = J~^X*J. 

The element 7 is unique up to multiplication by an element in . 

Proof. The Noether-Skolem theorem implies that there exists an element a G 
C^, unique up to i^^ -multiple, such that 

{x*y — a^^xa 

for all X E C. Therefore, we have a;' — a~^x*a. Since i is an involution, we 
determine that a~^a* = c G F^. By Hilbert's Theorem 90 there exists an a S 
so that 7 = aa satisfies 7* = —7. Such an element 7 is determined up to a multiple 
inO''. □ 
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Proof of Proposition 15.1.51 By Lemma I5.1.3| given a non-degenerate *- 
hcrmitian alternating form (— , — ), there exists an element (3 such that 

{x,y) = {x,y)p = TTp/qTTB/F{xf3y*)- 

Letting 7 be the element /3 regarded as an element oi C ~ B°p, the associated 
involution is given by x'^ = 'y~^x*^. Changing (— , — )^ by a Q^-multiple changes 
/3 and 7 by a -multiple, leaving the involution l-^ unchanged. In the other 
direction, Lemma l5. 1 .61 associates to an involution t an element 7 G C^, unique up 
to -multiple, so that 

= x'"' = 7~-^x*7 

and 7* = —7. Letting (3 be the element 7 regarded as an element of B, we can 
then associate the similitude class of form (— , — )^. Forms (— , — )/? and {—,—)i3' lie 
in the same similitude class if and only if the associated involutions L-y and t^/ are 
equivalent. □ 

5.2. Unitary and similitude groups 

We now fix the following: 

(— , — ) = non-degenerate *-hermitian alternating pairing on V, 
(— , — ) = corresponding ^-symmetric pairing, 
{—y — involution on C defined by {cv,w) — (Vj&w). 

Associated to this pairing are some group-schemes defined over Q: the unitary 
group U and the similitude group GU . For a Q-algebra i?, the i?-points of these 
groups are given by 

U{R) = {ge{C®RY- : g'g = l}, 
GU{R) = {ge{C®RY : g'g £ R' }. 

Let Vr denote the C ® i?-module V ® R. The i?-points of U (respectively, GU) 
consist of the isometries (respectively similitudes) of both pairings (— , — ) and (— , — ) 
on Vr. The group GU has a similitude norm 

v.GU^ G,n 

which, on i?-points, takes an element g to the quantity g^g G R'' . For w,w G Vh, 
we have 

{gv,gw) = v{g){v,w). 

Let GLc denote the form of GLn over F whose R points are given by 

GLc{R) = [G ®F RY- 
Lemma 5.2.1. There are natural isomorphisms oj group schemes over F: 

Spec(i^) xgpec(Q) U ^ GLc, 
Spec(i^) Xspoc(Q) GU = GLc x G,„. 
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Proof. It suffices to provide a natural isomorphism on i?-points for F-algebras 
R. Since R is an F-algebra, there is a decomposition 

^ {C(g)F R) X {C(g)F,cR)- 

The induced involution t on (C Of -R) x (C* <S>f,c R) is given by 

(ci (g) ri, C2 = (4 r2, ri). 
Therefore we have a natural isomorphism 

= {.9 e (C«)Qi?)>< : .9^9-I} 

= {(51,52) e (C^®Fi?)^ x(C0F,ei?)^ : 5251 = 1} 
= {(5i,5r) : 51 e (C^fRV} 
= GLc{R). 

Similarly, there are natural isomorphisms 

GU{R) ^ {g e{C ®qRY -.g'g^v^R''] 
= {{gi,gT^) : .91 e (C0Fi^)^ 
^ GLc{R) X 

□ 



5.3. Classification of forms 

Let K be either Q or Q^; for some place a; of Q. The classification of our various 
structures are parameterized by certain Galois cohomology groups: 

J Isometry classes of non-degenerate 1 
1 *-hermitian alternating forms on Vk J ' 

J Similitude classes of non-degenerate 1 
1 *-hermitian alternating forms on Vk J 

J Equivalence classes of involutions 1 
[ of the second kind on C if j ' 

Local case where x is finite and split. Let x split as yy'^. Then Q^; is an 
-F-algebra, and hence by Lemma |5. 2. 11 there are isomorphisms of group schemes 

Spec(Qa;) Xspcc(Q) U = GLcy 
Spec(Qj;) xgpec(Q) GU = GLcy x 

If C is a central simple algebra over Q^, it is a well-known generalization of 
Hubert's Theorem 90 that H'^iQ^, GLc) = (see, for instance, the proof of [MilOSl 
Prop. 26.6]). We therefore have: 

Lemma 5.3.1. If x is split in F, then we have H'^{Qx,U) = H'^{Qx,GU) = 0. 



H\K, U) = 
H\K,GU) = 
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Local case where x is infinite. Because F is imaginary, C is necessarily 
split at a: = cxD. The computation of iJ^(K, U) and H^{M., GU) is then given by the 
classification of hermitian forms (—,—)' on W = C". These forms are classified up 
to isometry by their signature, and up to similitude by the absolute value of their 
signature. We therefore have the following lemma. 

Lemma 5.3.2. The signature induces isomorphisms 

H\R,U)^{{p,q) : p + q^n}, 
H\R,GU)^{{p,q} : p + q = n}. 

Local case where x is finite and not split. Analogously to the global 
case, relative to the involution * we may associate to a form (— , — ) on Vx its 
discriminant disc € /N{F^ ) ^ Z/2. A proof of the following lemma may be 
found in [Sch85j . 

Lemma 5.3.3. If x does not split in F, the discriminant gives an isomorphism 
Corollary 5.3.4. If x does not split in F, there are isomorphisms 



H\Qx,GU) = 




n even, 
n odd. 



Proof. Let a G represent a generator of /N{F^). If n is even, the 
discriminant of a(— , — ) is equal to that of (— , — ). If n is odd, than the discriminant 
of a(— , — ) is not equal to that of (— , — ). □ 



Global case. For places x of Q, we define maps 

-.Z/2, 

: ff^Qx, GU) Z/2, n even. 

If X is finite and split, i/^Qx, U) = H'^iQ^, GU) = 0. If a; is finite and not split 
in F, let be the unique isomorphisms 

4: H\Qx,U) ^ Q-^/N{F^-) - Z/2, 

e : H\Qx, GU) ^ Q'^ IN{F^ ) - Z/2, n even. 

If n is odd we have II^{Qx, GU) = 0. At the infinite place, we define: 
(ociip,q))^q (mod 2), 
CooHp^i}) =P^ Q (mod 2), n even. 



The following result may be translated from the classification of global hermitian 
forms given in Sch85] (see also Clo91, ). 

Theorem 5.3.5. There is a short exact sequence 

^ H\Q, C/) ^ H'iQx, U) ^ Z/2 ^ 0. 
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Proof. Scharlau |Sch85| shows that non-degenerate ^-symmetric *-herniitian 
forms on V are classified by then discriminant disc G /N{F^) and signature 
{p, q) . Global properties of the Hilbert symbol give rise to a short exact sequence 

(5.3.6) ^ Q^'/NiF^^') -^^Q^/N{F^) ^ Z/2 ^ 0. 

X 

The result follows from the local computations, together with the obvious relation 

inM^/A^(C^) =Z/2: 

disCoo = q (mod 2). 

□ 

Corollary 5.3.7. Ifn is even, then there is a short exact sequence 
^ H\Q, GU) ^ H\Q,,,GU) ^ Z/2 ^ 0. 

X 

If n is odd then the absolute value of the signature gives an isomorphism 

H\Q,GU) ^H\R,GU). 

Proof. If a form (— , — ) has discriminant disc, the form r(— , — ) has discrim- 
inant r" • disc, for r G . Since (Q^)^ is contained in N{F^), if n is even the 
discriminant is an invariant of the similitude class of (— , — ). However, if n is odd, 
then the short exact sequence ()5.3.6|) shows that there exists a global multiple r 
which kills the local invariants disc^ for finite places x, with the effect of possibly 
changing the sign of the signature. □ 



CHAPTER 6 



Shimura varieties of type U{l,n — 1) 



In this chapter we describe the Shimura stacks we wish to study. The integral 
version described here is essentially due to Kottwitz, and the exposition closely 
follows [Kot92j . [HTOlj . and |Hid04j . 



6.1. Motivation 

In Section 12.21 we saw that the simplest examples of abelian varieties A over Fp, 
whose p-divisible group A{p) contains a 1-dimensional summand of slope l/n, had 
dimension n and complex multiplication by F, a quadratic imaginary extension of 
Q in which p splits. For such abelian varieties, the 1-dimensional summand of A{p) 
is given by A{u), where w is a prime of F dividing p. 

Let {A, i) be an n^-dimensional M„(F)-linear abelian variety. The action of Mn{F) 
makes A isogenous to Aq, where Aq is an n-dimensional abelian variety with com- 
plex multiplication by F. Thus there is an equivalence between the quasi-isogeny 
category of n-dimensional abelian varieties Aq with complex multiplication by F 
and the quasi-isogeny category of dimensional Af„(i^)-linear abelian varieties 

(AO- 

More generally, we saw in Section 12.21 that if B is any central simple algebra over 
F of dimension n^, then there exist simple i?- linear abelian varieties with A{u) 
of dimension n and slope 1/n. The i?-linear structure on A induces a i?„-linear 
structure on A(u). If we assume that B is split over m, then the p-divisible group 
A{u) is isogenous to a product (eA(w))", where e is an idempotent of Bu = Af„(F„) 
and eA{u) is a 1-dimensional p-divisible group of slope 1/n. 

Let * be a positive involution on B. Introducing the structure of a compatible 
polarization A on our n^-dimensional _B-linear abelian varieties, one could form a 
moduli stack of tuples (A, i. A) for which the p-divisible group A{u) is n-dimensional. 

These moduli stacks will, in general, have infinitely many components. However, 
Lemma 14.6.31 indicates that the classification of such polarizations is controlled by 
the local similitude classes of A- Weil pairings on the Tate modules Vi{A). We may 
pick out finitely many components of our moduli space by fixing a global pairing 
(—,—), and restricting our attention to only those tuples (A, i, A) for which the Weil 
pairings A(— , — ) on Vt{A) are similar to the local pairing (— , ~)i for each t ^ p. 
Such moduli stacks are instances of Shimura stacks. 
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6.2. Initial data 

Begin with the following data. 

F = quadratic imaginary extension of Q, such that p splits as uu'^. 
Op ~ ring of integers of F. 
B = central simple algebra over _F, divap B — v? , split over u and u'^. 
)* = positive involution on B of the second kind, i.e.: 

1. Tr^/Q Tt:b/p{xx*) > for x 7^ 0. 

2. * restricts to conjugation on F. 

Ob = maximal order in B such that Ob.{p) is preserved under *. 
V ~ free left i?-module. 
(— , — ) = Q- valued non-degenerate alternating form on V 

which is *-hermitian. (This means (ax,y) — (x,a*y). 
L = Os-lattice in V, (— , — ) restricts to give integer values on L, 
and makes self-dual. 



From this data we define: 

LP = Y[L^Ze, 

VP = V<S>qAP'°°, 
C = EndB(l^), 
(— )' = involution on C defined by {av, w) = (w, a^w), 
Oc — order of elements x G C such that x{L) C L, 
GU{R) = {geiC®qRy : g'geR''}, 
U{R) = {geiC®qRr : g'g^i}, 

Kl = {geGU{M''°°) : g{LP) = LP}. 



We are interested in the case where we have: 

V^B, 
L = Ob, 
U{R) ^ C/(l,n- 1). 

It then follows that we have 

C ^ B°P, 

Oc — 0°g (by maximality of Ob)- 

In our case * may equally well be regarded as an involution * on C, and there exists 
(Lemma 15 -l.Sp an element /3 € B satisfying (3* = —(3 which encodes (—,—): 

{x,y) = Tip/qTiB/FixPy*)- 



6.3. STATEMENT OF THE MODULI PROBLEM 
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Let 7 be the element /? regarded as an element of C. Then l is given by 

L — 1 * 

z = 7 z 7. 

Tensoring with E, and taking the complex embedding of F which sends (5 to a 
negative multiple of i, we may identify the completions of our simple algebras with 
matrix algebras over C: 

= Af„(C), 

* — conjugate transpose, 

Coo = Mn{C) (identified with B through the transpose), 



eii 



-€21 



671 z 



Here the Ci's are positive real numbers. 

Because B was assumed to be split over u, we may fix an isomorphism 

Ob,u = MniOp^u) = M„(Zp). 

Let e g Ob,u be the projection associated by this isomorphism to the matrix which 
has a 1 in the (1, 1) entry, and zeros elsewhere. 

Remark 6.2.1. Giving the data {B. (— )*, (— , — )) is essentially the same as specify- 
ing a form of the similitude group GU . The forms of GU are classified by the Galois 
cohomology group H^{Q^, PGU), where the algebraic group PGU is the quotient of 
GU by the subgroup Tp, where 

Tf{R) = {F i?)^. 

Clozel describes this computation in |Clo91| : an element in H^{Q,PGU) corre- 
sponds uniquely to the local invariants of the division algebra B, as well as the 
difference between the classes of H^{Q,GU) determined by the involution * and 
the pairing (— ,— ) (see Section [Q]) . 

6.3. Statement of the moduli problem 

Assume that S" is a scheme, and that A is an abelian scheme over S. A polarization 
X: A A"^ of A is an isogeny which restricts to a polarization on each of the 
geometric fibers of A/S. For R a ring contained in M, an i?-polarization is an 
i?-isogeny 

A G lioui{A,A'')(E)R 
which is a positive linear combination of polarizations. A Q-polarization defines a 
X-Rosati involution f on End'^(v4) by p — A^^/^A. 

We shall define two functors 

X, X' : {locally noethcrian formal schemes/ Spf (Zp)} groupoids. 
We shall then show that these functors are equivalent. 
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Remark 6.3.1. Every formal scheme S over Spf(Zp) is a formal colimit S = limS'i, 
where Si is a scheme on which p is locally nilpotent. It therefore suffices to define 
the functors X and X' for locally noetherian schemes on which p is locally nilpotent. 

The functor X. Assume that is a locally noetherian scheme on which p 
is locally nilpotent. The objects of the groupoid X{S) consist of tuples of data 
{A, i,X) as follows. 

is an abelian scheme over S of dimension n^. 
is a Z(p)-polarization, with Rosati involution f on 
End(A)(p). 

is an inclusion of rings, satisfying i{b*) = *(&)^ in 
End(A)(p), such that eA{u) is 1-dimensional. 

We impose the following additional restrictions on {A,i,X). Choose a geometric 
point s in each component of S. We require that for each of these points there 
exists an Os-linear integral uniformization 

r?: LP^TP{A,) 

so that when tensored with Q, 77 sends (— , — ) to an (A^*'"")^ -multiple of the A- Weil 
pairing. We do not fix this uniformization as part of the data. 

We pause to explain this last restriction. By Lemma 14.6.31 the isogeny classes 
of compatible polarizations A on a fixed _B-linear abelian variety A over an alge- 
braically closed field k are determined by the elements of H^{Qi,GU) given at 
each £ ^ p hy the A- Weil pairing on Ve{A). The existence of the isomorphism 77 is 
independent of the point s. 

A morphism 

iA,i,X)^iA',z\\') 
in X(S) consists of an isomorphism of abelian schemes over S 

a: A^A' 

such that 

A^ra^A'a, reZ^^^-^, 
i{h)a = ai{b), he Ob- 

In particular, the isomorphism class of (A, ?, A) depends only on the weak polariza- 
tion determined by A. 

The functor X' . The functor X classifies Os-linear polarized abelian vari- 
eties up to isomorphism (with certain restrictions on the slopes of the p-divisible 
group and the Weil pairings). We shall now introduce a different functor X' which 
classifies C'5 (p') -linear polarized abelian varieties with rational level structure up to 
isogeny. The functor X' will be shown to be equivalent to X. 



A 

A: A ^ 

C's,(p) ^ End(A)(p) 



6.4. EQUIVALENCE OF THE MODULI PROBLEMS 
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Assume that S* is a locally noetherian connected scheme on which p is locally 
nilpotent. Fix a geometric point s of S. The objects of the groupoid X'{S) consist 
of tuples of data {A, i, A, [ry]) as follows. 

A is an abelian scheme over S of dimension n^. 

A: A is a Zj-p) -polarization, with Rosati involution f on 

End(A)(p). 

i: Ob,{p) ^ End(j4)(p) is an inclusion of rings, satisfying i{b*) = i{b)^ in 

End(A)(p), such that eA{u) is 1-dimensional. 

[r]] is a rational Kq level structure, i.e. the i^'g-orbit 

of a rational uniformization r]: — > Vp{As), such 
that T] is C'B.(p)-liiicar, [ij] is 7ri(S', s)-invariant, and 
ri sends (— , — ) to an (A^*'"")^ -multiple of the A-Weil 
pairing. 

A morphism 

{A,z,X,ri)^{A',i',X',rj') 
in A" (5) consists of a Z(p)-isogeny of abelian schemes over S 

a: A^A' 

such that 

A = ra'^A'a, r G Z^^^ 
i'{h)a = ai{b), h € ©^.(p), 
[r?'] = a*[?7]. 

The TTi (S*, ,s)-invariance of the level structure [rj\ implies that the objects are inde- 
pendent of the choice of the point s in S. The functor X' extends to schemes which 
are not connected by taking products over the values on the components. 



6.4. Equivalence of the moduli problems 

Fix a locally noetherian connected scheme S on which p is locally nilpotent, with 
geometric point s as before. For each object {A, i, A) of X{S), choose an Os-linear 
similitude 

rj: LP^TP{As). 

Then (A, i(p-f. A, [?7q]) is an object of X'{S). Different choices of rj yield canonically 
equivalent objects {A,i(^p-^, X,[r]Q]), because any two choices of rj will necessarily 
differ by an element of Kq. Thus we have produced a functor 

Fs: X{S)^X'{S) 

which is natural in S. The rest of this section will be devoted to proving the 
following theorem. 

Theorem 6.4.1. The functor Fs is an equivalence of categories. 
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Fs is essentially surjective. Suppose that {A, i, A, [rj]) is an object of X'{S). 
In particular, choose a rational uniformization 77. We need to show that this data 
is isogenous to a new set of data {A',i',X\ [rj']) where 77' lifts to an integral level 
structure. 

Define Lg to be the virtual subgroup ^(77) e VSub^(As) of Section [3?3l The tti {S, s) 
invariance of [rj] implies that this virtual subgroup is invariant under tti(S,s). 
Therefore, the virtual subgroup Lg extends to a local system of virtual subgroups L 
of A. Explicitly, there exists an integer TV prime to p such that N~^Ls corresponds 
to an actual subgroup scheme Hg of Ag , and a finite subgroup scheme H oi A over 
S extending Hg. Define A' to be the quotient abelian variety, with quotient isogeny 

a': A^ A/H = A'. 

The Z(p)-isogeny a — N^^a' induces a Z(p)-isogeny as : Ag ^ Ag. By construction, 
agiLg)^TP{A'g). 

The Z(p)-polarization A' on A' is defined to be the Z(-p) -isogeny that makes the 
following diagram commute. 

A 



A'— -(AT 

Define OB.(p)-niultiplication on A' 

i' ■ Ob^(p) ^ End(A')(p) 

by the formula — ai{b)a^^. Compatibility of i' with the A'-Rosati involution 
t' is easily checked: 

j'(6)t' ^ {x')-h'{byx' 

= ((a^)-iAa-i)-i(m(6)a-i)^((a^)-iAa-i) 
= ai{b*)a~^ 

The rational level structure [if] is defined to be the the orbit of the composite 

VP ^ VP{Ag) ^ VP{A'g). 

By construction, the Z(p)-isogeny a gives an isomorphism from (A, i. A, [77]) to 
{A' ,i' , \' ,[r]']). We wish to show that 77' lifts to an integral uniformization. By 
Lemma [3.3.1[ it suffices to show that the virtual subgroup ^(77') £ VSub^(A^) is 
TP{Ag). 



However, by definition ^(77') — ag{f]{LP)) = as{Lg), and we have already shown 
that agiLg)^TP{Ag). 



6.5. MODULI PROBLEMS WITH LEVEL STRUCTURE 
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We will have shown that {A', i' , A') may be regarded as an object of X{S), provided 
that the 0^ (p)-niultiplication on End(A')(p) given by i' lifts to Os-niultiplieation 
on End(^'). The existence of an Os-action on A' follows from the following pair 
of puUback squares (the righthand square is a puUback by Corollarv l3.5.3p . 

End(A') ^ Ue^p End(v4')£ C ^ End(rM;) 



End(A')(p) ^ (n,^p End(^')^) Q ^ ^ End(yf A^) 

Fg is fully faithful. The faithfulness of Fg is obvious. We just need to show 
that it is full. Suppose that (A, A, 1,77) and {A' , X' ,i' ,1]') are two objects of X'{S) 
which are in the image of Fg- Without loss of generality assume that the rational 
level structures 77 and r/ lift to integral level structures. Suppose that 

/: {A,X,t,Tj)^{A',X',i\ii) 

is a morphism in X'{S). In particular, /: A A' is a Z(p)-isogeny. Because 77 and 
rj' are integral level structures, we may conclude that the induced map 

VP{A)^VP{A') 

lifts to an isomorphism 

TP (A) ^TP{A'). 

The pair of puUback squares (the righthand square is a pullback by Corollarv l3.5.3[) 
Hom(A, A') ^ l\f,_^pIlom{A,A')iC ^ Koia{TP A, , TP A'^) 

Hom(^,A')(p) ^ (n,^pHom(A,A')^) ^Rom{VPA,,VPA',) 

allows us to conclude that / is actually an isomorphism of abelian varieties. 



6.5. Moduli problems with level structure 

Let RP be an open subgroup of Kq. Associated to KP are variants of the functors 
X and X'. 

For a locally noetherian connected scheme S on which p is locally nilpotent, with 
geometric point s — > S', define a groupoid Xkp{S) to have objects {A,i,X, [ri]Kp) 
where: 

{A, i, A) is an object of X{S), 

[v]kp is an integral KP level structure, i.e. the ifP-orbit of an 
integral uniformization 77: LP TP (As), such that 7/ is 
Os-linear, [rjjKp is 7ri(S', s)-invariant, and rj sends (— ,— ) 
to an (A^''°°) ^-multiple of the A- Weil pairing. 
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The morphisms of Xkp {S) are those isomorphisms in X{S) which preserve the level 
structure. 

Define a groupoid X'kpIS) to have objects {A,i,X, [i]]kf) where: 
{A,i, X,[r]]j^p) is an object of A" (S*), 

[77] is a rational level structure, i.e. the i^^-orbit of a 
rational uniformization 77: ^ VP{As), such that 77 is 
i3-linear, [tjIkp is 7ri(S', s)-invariant, and rj sends (— , — ) to 
an (AP'°°)'* -multiple of the A- Weil pairing. 

The morphisms of X'xpiS) are those prime-to-p isogenies in X'(S) which preserve 
the level structures. 

Clearly, the functors X and X' are recovered by taking Rp — Rq. 

Since any integral level structure determines a rational level structure, the functors 
Fs lift to give functors 

Frp.S'- Xkp{S) X' Kp{S) 
which are natural in S. Theorem 16.4. II generalizes to the following theorem. 

Theorem 6.5.1. The Junctors Fkp.s OuTs. equivalences oj categories. 

Remark 6.5.2. The functor X'j^^ has the advantage that it may be defined for any 
compact open subgroup R'^ of GU{Ap-'°°), not just those contained in Rq. 



6.6. Shimura stacks 



If R'P < RP are open compact subgroups of GU(AP'°°), then there are natural 
transformations 

(6.6.1) fK'P,KP- X' K'p{ — ) ^ X' Kp{~) 

given by sending a tuple {A, i, A, [77]/^'?) to the tuple {A, i, A, Mkp). 

The functors X' kp are representable. For R^ sufhciently small, the representability 
of X'j^p by a scheme is discussed in [Kot92[ Sec. 5,6]. For general subgroups R^, 
the representability of X'j^,, by an algebraic stack is discussed in |Hid04|, Sec. 7.1.2]. 
The following theorem represents a compilation of these results. 

Theorem 6.6.2. 

(1) The Junctor X' kp is representable by a Deligne-Mumjord stack Sh{RP) 
over Zp. 

(2) The map 

Jk'p,kp- Sh{R'P) ^ Sh{RP) 
induced by the natural transjormation \6.6.1\) is etale, oj degree equal to 
[RP : R'P]. IJ R'P is normal in RP , then the covering is Galois with 
Galois group RP/R'p. 

(3) For RP sujficiently small, Sh{RP) is a quasi-projective scheme over Zp. 
It is projective ij B is a division algebra. 



6.6. SHIMURA STACKS 
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Remark 6.6.3. The moduli problem considered in either of these sources has a 
slightly different formulation than presented here, due to the fact that the authors 
of [Kot92j . |Hid04j are working over Opj^uy Specializing to Of,u — produces 
an equivalent moduli problem (see Remark r9.1.2p . 



CHAPTER 7 



Deformation theory 



7.1. Deformations of p-divisible groups 



We briefly summarize the deformation theory of 1-dimensional p-divisible groups, 
restricting to the case when the dimension of the formal group is 1, following [HTOH 
II.l], |Dri74[ Prop. 4.5]. 

Let fc be a field of characteristic p. Fix a p-divisible group G over k. Consider the 
functor 

Defjj : {noetherian complete local rings} — > {groupoids} 
whose i?-objects are given by 

i: k ^ R/mR, 
Def^(i?) ^ {{G,,i,a) : ^ a p-divisible over R, 

a: GL ,„ , s ^ «*G 

I Spcc{i</mji) 

and whose i?-morphisms are those isomorphisms of p-divisible groups that restrict 
to the identity on G. 

Lubin and Tate showed that deformations of 1-dimensional formal groups of finite 
height have no automorphisms, and that this functor is represented by a formal 
scheme. 

Theorem 7.1.1 (Lubin- Tate [LT66j ). Suppose that G is a 1-dimensional formal 
group of finite height h. The functor T}ei-^{—) is representahle by the formal scheme 
Defg = Spf(B) where B = W{k)[[ui, Uh^i]]. 



Given a p-divisible group G — lim Gi over R, it is convenient to consider its associ- 
ated sheaf of Zp-modules on Spf(i?) in the fppf topology. Given a local _R-algebra 
T, the sections are given by 

G{T) = limlimG,(r/m^). 

j i 

The resulting functor 

{p-divisible groups} {fppf sheaves of Zp-modules} 
is fully faithful. 

Lemma 7.1.2. Suppose G is a 1-dimensional formal group over R of finite height, 
with coordinate x, so that with respect to this coordinate the sum formula is given 
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by 

Xi +G 2^2 = ^ ai^]X\x{ 

and that T is a local R-algebra. Then there is an isomorphism of groups 

G{T) 9i (mT,+G)- 

Proof. We have an isomorphism of topological rings (see Example 1 1.1.3P : 

T[[x]]^lunT[[x]]/[p%{x). 

i 

The T-sections of G are then given by the formula 

G(r) = \im\\niMgT{T[[x]]/[p%{x),T/m^) 

3 i 

= Aig^(r[H],r) 

= TTlT- 

□ 

We are now in a position to give a description of the deformation theory of 1- 
dimensional p-divisible groups. 

Theorem 7.1.3. Suppose that the Gr is a 1-dimensional p-divisible group over k of 
finite height h. Then the functor Defjj(— ) is representable by the formal scheme 
Defjj = Spf(i3), where 

B = W{k)[[uu...,Uh-i]]. 

Sketch proof of Theorem 17.1.31 Let (G, be an object of Defg-(T). 
Then there is a short exact sequence ( |HTOH Cor. II. 1.2]) 

^ G" ^ G ^ C^* ^ 

where G° is formal of height k and G'^* is ind-etale of height h—k. By Theorem l7.1.1[ 
the deformation G° is classified by a map of local rings 

W{k)[[u^,...,Uk-i\]^T. 

The deformation G*^* is unique up to isomorphism. The extension is classified by 
an element of 

Ext^^(G^*,G°), 

where the Ext group is taken in the category of sheaves of Zp-modules. Let TG'^* 
denote the sheaf given by lim G"^* [p*] . The short exact sequence of sheaves 

^ TG"* ^ TG"* (g)Zp Qp ^ G"* ^ 

gives rise to a long exact sequence of Ext groups. By descent, we may assume that 
T is separably closed, so that G'^* is abstractly isomorphic to (Qp/Zp)^"'"'. The 
boundary homomorphism gives an isomorphism 

Homx^((Zp)^-^G") ^ Exti^(G^*,G°). 



7.3. DEFORMATION THEORY OF POINTS OF Sh 
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Therefore we have, 

De%(T) 9i Dcf^o(r) X HoniZp(G*=*,G") 

^ Defeo(r) X Ho^lz,((Zp)^-^(GO) 
^Def^(r) X m^"'-' 

The last isomorphism is given by Lemma l7.1.2l We deduce that there is an isomor- 
phism 

De%(r) ^ mng'iW {k)[[ui, . . ..Uk-Muk, . . .,Uh-i]lT). 

□ 

7.2. Serre-Tate theory 

We recall the Serre-Tate theorem [KatSlj . 

Theorem 7.2.1 (Serre-Tate). Suppose j: S ^ R is a closed embedding of schemes 
with nilpotent ideal sheaf X such that p is locally nilpotent on R. Then the diagram 
of categories 

{Abelian varieties over R} — - — {Abelian varieties over S} 



(-)(p) 



(-)(p) 



{p- divisible groups over R\ — - — s- {p- divisible groups over S*} 

is a pullhack. In other words, there is an equivalence of categories between the 
category of abelian varieties over R and the category of tuples 



A an abelian variety over S, 

G a p-divisible group over R, 

4>: v4[p°°] j*G an isomorphism 



7.3. Deformation theory of points of Sh 

Let be a compact open subgroup of GU{M''°°). Consider the functor 

Xkp{S) -^p-divisible groups/S", 

where eA{u) is the 1-dimensional summand of the p-divisible group Aij)). In this 
section we explain how the deformation theory of points of Sh{K'P) is controlled 
by the deformation theory of the associated 1-dimensional p-divisible groups. The 
material in this section is well known (see, for instance, |HT01l Lem. III.4.1]). 

Theorem 7.3.1. Suppose j : S ^ R is a closed embedding of schemes with nilpotent 
ideal sheaf 2 such that p is locally nilpotent on R. Then the diagram of categories 
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{p-divisible groups over R} 



{p-divisible groups over S} 



is a pullhack. Equivalently, there is an equivalence of categories between the category 
X'^p (R) and the category of tuples 

{{A, i, A, [t]]) an object of Xkp{S), 
{A,i,X,[ri],G,a) : G a p-divisible group over R, > 
a: eA{u) ^ j*G an isomorphism. J 

Proof. The map i takes conjugation on Op to the Rosati involution. There- 
fore, the isomorphism 

A: A{p)^A''{p) 
breaks up as a direct sum of the following two isomorphisms: 

A{u^) ^ A{uy, 

In particular, A{u) and A{u'^) have the same height with opposite slope decompo- 
sitions. 

The splitting Ob,u — ^n^^p) gives rise to a further decomposition 

A{u) ^ {eA{u)r, 
viewed as column vectors acted on by the matrix ring. 

The summand eA{u) of A{p) is 1-dimensional by assumption. The associated formal 
group has a corresponding canonical 1-dimensional summand eA(w)° of height 

less than or equal to n. 

A deformation of {A, A, i, [rj\) to R consists of element {A, A, i, [fj\) G X'j^,, [R) and an 
isomorphism (j): A^ j*A respecting the structure. This determines a deformation 
€A{u) of the p-divisible group eA{u). 

The Serre-Tate theorem provides a functorial equivalence between deformations 
of {A,X,i, [77]) and deformations of the associated 1-dimensional summand of the 
p-divisible group, as follows. 

Let G be a deformation of eA[u) to R with isomorphism ip: eA{u) — > The 
isomorphism 

A{u)^{eA{u)r ^f{Gn 

makes G" into a deformation of A{u). The action of {Ob)u — Mn{'Zp) extends 
uniquely to an action on G". 

The dual p-divisible group (G^)" is a deformation of A{u'^) = A{uY . It carries an 
action of Os,u=- We obtain an isomorphism 

<l): A{p) S A{u) X Aiu") i*(G" x (G^)") 



7.3. DEFORMATION THEORY OF POINTS OF Sh 



49 



respecting the action of 0_b.(p)- 

The Serre-Tate theorem then implies that for each deformation, there is an abelian 
variety A together with isomorphisms 

/: j*{A) ^ A, 
g: A{p) ^ G" X (G^)" 

such that (j) o = j*g, and the action of Ob,{p) extends to a map 

i- Ob.Cp) ^End(i)(p). 

The twist isomorphism 

r: G" X (G"")" (G^^)" x G" 
is symmetric, and extends the isomorphism 

A{u) X Aiu") X ^^(u'^). 

The abelian variety provides a lifting of the data (A^, (G^)" xG", (^^)-^). The 

polarization A on A and the twist morphism t lift uniquely to a map A : ^ . 
As both A and r are symmetric, so is A. The maps A and r both *-commute with 
the action of Ob,{p), and hence so does A. 

The positivity of A is characterized by positivity at the geometric points s of R, and 
there is a bijective correspondence between geometric points of S and R; therefore, 
A is positive. Similarly, any level structure [?7] is determined by its values on the 
geometric points s £ S, and so [77] extends uniquely. 

Therefore, the extension G determines a unique deformation {A,X,i,[r]]) of the 
tuple {A, A, i, [t]]) to R. 

This extension is functorial, as follows. Let /: {A,X,i, [ri]) {A',X',i', [r]']) be a 
morphism in X^p {S), and (G, tjj), (G', tjj') corresponding deformations with a choice 
of extension /: G ^ G'. 

The deformation G" x (G^)" of A(p), together with its action of Ob.{p) and twist 
morphism, is functorial in G. In other words, if / : A —> A' is an honest isogeny of 
abelian varieties, we have a morphism of Serre-Tate data 

(A,G" X (G^)",0) ^ (A',(G')" X {{G'YY,(l)'). 

There is a corresponding map of liftings A ^ A' . If /: A — > A' is instead a 
quasi-isogeny, there exists a diagram of isogenies 

A^:^A^A', 

where n is relatively prime to p, and hence a diagram of lifts 

A^A^A'. 

Therefore, the category of elements of X'j^p {S) together with deformations of their 
p-divisible group to R is equivalent to the category X'{R). □ 
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Corollary 7.3.2. Assume that is sufficiently small so that Sh{KP) is a scheme. 
Let s he a point of Sh{KP)p , classifying the tuple {A,i,X, [77]). Then the map 

Sh{KP)^ ^Dei.Aiu) 
is an isomorphism of formal schemes. 

The infinitesimal criterion of smootliness |Gro67[ Prop. 17.14.2] allows us to deduce 
the following. 

Corollary 7.3.3. Sh{KP) is smooth of relative dimension n — 1 over Spec(Zp). 



CHAPTER 8 



Topological automorphic forms 



8.1. The generalized Hopkins-Miller theorem 

The following terminology is introduced in [Lurj . 

Definition 8.1.1. A homotopy commutative ring spectrum E is weakly even peri- 
odic if 

(1) The homotopy groups 7r*_B are concentrated in even degrees. 

(2) The maps 

are isomorphisms. 

Let _B be a weakly even periodic ring spectrum. The usual _ff-space structure on 
£poo gjvgg — Spf{E°{CP°°)) the structure of a group object in the category 
of formal schemes. Here, Spf is taken by regarding E'^{CP°°) as lim E'^{CP") 
(condition (1) above implies that there is no lim^'^-term). 

Lemma 8.1.2. The formal scheme <Ge is a formal group over Spec{E°), I.e. it 
admits the structure of a formal group law Zariski locally over Spec(£''^). 

Proof. Condition (2) of Definition 18.1.11 imphes that E"^ is an invertible E^- 
module with inverse E~^. Therefore, E^ is locally free (see [Eis 95, Thm 11.6(a)], 
where the noetherian hypothesis is not used). Let Spec(ii!) C Spec(£'*') be an affine 
Zariski open so that R (^^e" = R{u} is a free i?-module of rank 1. Then there 
are isomorphisms 

R(g>EO E*{CP°") '^R®EO E*[[x\] ^ E*[[xu\] 

where x lies in degree 2. The coordinate xu gives R i^EO E°{CP°°) the structure 
of a formal group law. □ 

Let 

UJGe = (Lic((G£;))* 

be the line bundle over Spec(£'") of invariant 1-forms on G^. There is a canonical 
isomorphism 

7r2tE = Tcjil. 

Goerss and Hopkins |GH04] extended work of Hopkins and Miller |Rez98) to 
provide a partial converse to this construction. 
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Theorem 8.1.3 (Goerss- Hopkins-Miller). Let k be a perfect field of characteristic 
p and let Gr be a formal group of finite height over k. Then there is an even periodic 
EoQ-ring spectrum E^j such that 

(1) = OdcIjt, the coordinate ring of the formal scheme Del jj. 

(2) GrE is a universal deformation ofG. 

The construction is functorial in pairs (fc,G).' given another pair (fc',G ), a map 
of fields i: k' k, and an isomorphism a: G ^ i*G , there is an induced map of 
Eoc-ring spectra 

Our goal in this section is to state a generalization, recently announced by Lurie, 
which gives functorial liftings of rings with 1-dimensional p-divisible groups. 

Theorem 8.1.4 (Lurie). Let A be a local ring with maximal ideal xtia and residue 
field k perfect of characteristic p, and suppose X is a locally noetherian separated 
Deligne-Mumford stack over Spec(yl). Suppose that G ^ X is a p-divisible group 
over X of constant height h and dimension 1. Suppose that for some Stale cover 
t: : X X where X is a scheme, the following condition is satisfied: 

(*): for every point x G X^^ the induced map 

X:^ ^ Def^.G. 

classifying the deformation (7r*G) of {■k*G)x is an isomorphism of 
formal schemes. 

Then there exists a presheaf of E^o-ring spectra £q on the etale site of X^^, such 
that 

(1) £g satisfies homotopy descent: it is (locally) fibrant in the Jardine model 
structure jJarOOj . |DHI04j . 

(2) For every formal affine etale open f : Spf(i?) -^^^m^' Eoo-ring spec- 
trum of sections £'g(-R) "is weakly even periodic, with £q{R)'^ = R. There 
is an isomorphism 

natural in f . 

The construction is functorial in (X, G); given another pair {X',G'), a morphism 
g: X — > X' of Deligne-Mumford stacks over Spec(A), and an isomorphism of p- 

divisible groups a: G ^ g*G' , there is an induced map of presheaves of Eoo-ring 
spectra 

id, a)*: g*£G' £g- 

Remark 8.1.5. Suppose that G and X satisfy the hypotheses of Theorem 18.1.41 
The functoriality of the sections of the presheaf £g is subsumed by the functoriality 
of the presheaf in G. Indeed, suppose that g: U ^ -^Ma etale open. 
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(1) The puUback g*G satisfies condition (*) of Theorem 18 . 1 . 4( and hence gives 
rise to a presheaf £g*G on U. 

(2) The spectrum of sections £g{U) is given by the global sections £g>ii[U). 

(3) The map 

(5, Id)* : 5*£g £g'G 

induces a map 

g*: £g{X) ^ £MU) ^ £g{U) 
which agrees with the restriction map for the presheaf Eq. 

Suppose that 

/ : Spf (i?) ^ 

is a formal affine etale open, and suppose that the invertible sheaf f*U!Qo is trivial. 
By Condition (2) above, this is equivalent to asserting that the spectrum of sections 
£g{R) is even periodic. Then Condition (2) actually determines the homotopy type 
of the spectrum £q{R). Indeed, by choosing a coordinate T of the formal group 
/*G° over Spf(i?), we get a map of rings 

classifying the pair (/*G°,T). Here, MUP is the periodic complex cobordism 
spectrum |Str99[ Ex. 8.5]. The ring MUP^ is the Lazard ring, and there is a 
canonical map 

Spcc(AfC/F") ^ Mfg 
where M fg is the moduli stack of formal groups. 

Lemma 8.1.6. The composite 

Spec(i?) Spec(AfC/P°) Mfg 

is flat. 

Proof. We check Landweber's criterion |Lan76) . |Nau07j . Let /p_„ be the 
ideal {p,vi, . . . , w„_i) of MUP^ . We must show that for each n, the map 

'V^i ■ R/ Ip.n ^ P/ -^p,n 

is injective. Suppose that r is an element of i?//p.„. Assuming that r is non-zero, 
we need to verify that ti„r is nonzero. Since / is etale and X is locally noetherian, 
R must be noetherian. Therefore there is a maximal ideal m of i? so that the image 
of r in R^/Ip^n is non-zero. Let x be the closed point of Spf(i?;^), and consider the 
map 

0: Spf(i?^) ^ Def/.G. 
classifying the deformation /*G^|gpf(fl.A )• Since condition (*) is an etale local con- 
dition, the map (p is an isomorphism of formal schemes, and gives an isomorphism 
of M;7P°-algebras 

0*: W{k{x))[[uu...,Uh-i]]^R:i. 
Let h' < hhc the height of the formal group G'j^^y Lemma 6.10 of |Rez98| implies 
that multiplication by Vn is injective on the subalgebra Vl^(fc(a;))[[Mi, . . . , Uh'-i]]/Ip,n 
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classifying deformations of the formal group '^'fi^^)^ hence multiplication by Vn is 
injective on 

W{k{x))[[ui,. . . ,Uh-l]]/Ip,n = {W{k{x))[[ui, . . . ,U/i'-l]]//p,„)[[Uh', . . ■,Uh-l]]. 

Thus the image of Vnr in this ring is non-zero, implying that ti„r must be non- 
zero. □ 

We conclude that the theories £g{R) are Landweber exact |Lan76| . [NauOTj . 

Corollary 8.1.7. There is an isomorphism of cohomology theories 

R®MUPO MUP*{X) = £g{R)*{X). 

Remark 8.1.8. Hovey and Strickland [HS991 Prop. 2.20] showed that for Landwe- 
ber exact cohomology theories such as £g{R) which have no odd dimensional ho- 
motopy groups, Corollary 18.1.71 actually determines the homotopy type of these 
spectra. 

Corollary 8.1.9. Suppose that k is a perfect field of characteristic p and that G 
is a formal group of finite height over k. Let G/Defg he the universal deformation 
ofG. Then there is an equivalence 

%^£:G(Defjj). 

Proof. Both spectra are Landweber exact cohomology theories whose associ- 
ated formal groups are isomorphic. □ 

8.2. The descent spectral sequence 

Let X and G be as in Theorem 18.1.41 Let ujg,o be the line bundle of invariant 
1-forms on the formal subgroup G''. In the previous section we have identified the 
homotopy groups of the spectrum of sections of £g{U) for formal affine etale opens 

Namely, for k odd, 7rfe(fQ(i?)) = whereas 

7r,d£Gm = H°{U,u:p^o). 

For an arbitrary etale open 
we have the following. 

Theorem 8.2.1. There is a conditionally convergent spectral sequence 

Proof. Let U' ^ U he a. formal affine etale open. Consider the cosimplicial 
object given by the Cech nerve: 

£g{U"+') = {£g{U') ^ £g{U' C/') ^ • • • } 

Because the sheaf £g satisfies homotopy descent, the map 

£:G(f/) ^holim£G(C/"+') 
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is an equivalence. The spectral sequence of the theorem is the Bousficld-Kan spec- 
tral sequence for computing the homotopy groups of the homotopy totalization. 
Since U' is an afRne formal scheme and X is separated, the puUbacks U' Xjj- ■ -XuU' 
are afhne formal schemes. Therefore, the £^2 '^* -term is the cohomology of the cosim- 
plicial abelian group 

Since the coherent sheaf ojJ'I'q has no higher cohomology when restricted to U' Xu 
■ ■ ■ Xjj U' , we deduce that the cohomology of this cosimplicial abelian group com- 
putes the sheaf cohomology of ujf^^ over U. □ 



We are able to deduce the following generalization of Corollary 18. 1.71 
Proposition 8.2.2. Suppose that 

is an etale open, and that for every quasi- coherent sheaf J- on U 

for s > 0. Then the spectrum E — £(i{U) is Landweber exact. 

Proof. Let g: U' ^ U he a, formal afFine etale cover. By Lemma [8.1.61 the 
composite 



U' ^U^X^^~. Mfg 
is flat. Since g is faithfully flat, we deduce that the composite 



h: C/^X„^ -^Mi 



IFG 

is flat. 

By hypothesis the descent spectral sequence of Theorem 18.2.11 collapses to give 



TTkiE) 



0, k odd. 



Since ^T■^,E is concentrated in even degrees, E is complex orientable. Let X be 
a spectrum, and let MW"{X) (respectively MU°'^'^{X)) be the sheaf over Mfg 
determined by the MC/*MC/-comodule MU2*{X) (respectively MU2*+i{X)). We 
have 



H"iU, hl^,^{MW ® cj*)), k = 2t, 



Since h^^f^ and H^ohi^^ ~) both exact functors, we deduce that MU^{—) ®mu, 
E^, is a homology theory, and hence that E is Landweber exact. □ 
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8.3. Application to Shimura stacks 

Let Sh{K'P) be the Shimura stack over T,p of Chapter [Bl Define a line bundle oj over 
Sh{KP) as follows: for an S-point of Sh{K'P) classifying a tuple {A, i, A, [rj]) over S, 
let 

the module of invariant 1-forms on the formal part of the 1-dimensional summand 
eA(u) of the p-divisible group A{p). 

Corollary 17.3.21 implies that the p-divisible group eA{u) on the Shimura stack 
Sh{K'P) satisfies condition (*) of Theorem 18. 1.41 Thus, there is a presheaf £{K^) 
of i?oo-ring spectra on the etale site of Sh(KP)p, satisfying the following. 

(1) For a formal affine etale open 

classifying the tuple {A,i,X,[ri]) over Spf(i?), the spectrum of sections 
£{KP){R) is a weakly even periodic i?cx)-ring spectrum, equipped with an 
isomorphism 

of its formal group with the formal subgroup eA{u)'^ of A{p). 

(2) For an etale open f : U Sh{KP)p, there is a spectral sequence 

In particular, we define a spectrum of topological automorphic forms by 

TAF{KP) = £{KP){Sh{KP)^), 
with descent spectral sequence 

(8.3.1) H'{ShiKP);,u;^') n2t-s{TAF{KP)). 

The following lemma follows immediately from Remark 18. 1.51 

Lemma 8.3.2. Let K'p be an open subgroup of Rp . The spectrum TAF{K'p) is 
given as the sections of the sheaf £{Kp) on the etale cover 

fK'v,KP- Sh{K'P) Sh{KP) 

of Theorem \6. 6.2[ 



= eA{uf 
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Relationship to automorphic forms 

Assume that is sufficiently small, so that Sh{KP) is a quasi-projective scheme. 
We briefly explain the connection with the classical theory of holomorphic auto- 
morphic forms. Namely, we will explain that there is a variant Sh{KP)p of the 
Shimura variety defined over _F, so that there is an isomorphism 

Sh{KP) Fu = Sh{KP)F ®F Fu. 

There is therefore a zig-zag of maps 

H°{Sh{KP),oj^'') ^ H°{Sh{KP)p^,uj®'') 

H"{Sh{KP)F,uj'^'') ^ H^{Sh{KP)c,uo'^^) 

where 

Sh{KP)F^ = Sh{KP)F ®F Fu, 

Sh{KP)c = Sh{KP)F ®F C. 
We will explain that the sections 

H\Sh{KP)c.uo®'') 
give instances of classical holomorphic automorphic forms for GU . 

Remark 9.0.3. There is a further variant Sh(KP)^u) of the Shimura variety Sh{KP) 
which is defined over the local ring Of,{u) studied in [Kot92) and |Hid04| . The 
varieties Sh{KP) and Sh{KP)F are obtained from Sh{KP)(^y^-^ by base change to Of.u 
and T, respectively (see Remarks 19.1.21 and I9.2.2p . 

9.1. Alternate description of Sh{KP) 

For an abelian scheme A, let Lie A denote the tangent sheaf at the identity section. 
For a p-divisible group G over a locally p-nilpotent base, let LieG be the sheaf of 
invariant vector fields in the formal group G'^. 

In Section 16.31 we defined a functor 

^1 f locally noetherian schemes 
\ on which p is locally nilpotent 

The functor of points of the Deligne-Mumford stack Sh{KP) restricts to give the 
functor X'j^p . In order to treat the characteristic zero points of the stack, we must 




{groupoids}. 
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describe an extension 

X'j^p : {locally noetherian schemes/ Spec(Zp)} {groupoids} 
of the functor X^p . 

For a locally noetherian connected scheme S, the objects of the groupoid X^p 
are tuples (A, i, A, [r]]) just as in the definition of X^p with one modification: the 
condition that eA{u) is 1-dimensional must be replaced with the following condition 
on Lie A: 

(*): The coherent sheaf Lie A ®Ofp (^f,u is locally free of rank n. 

The tensor product in condition (*) above is taken with respect to the action of 
Op^p on Lie A induced from the i?-linear structure i on A. 

Lemma 9.1.1. There is a natural isomorphism of functors 

(where X'^p has been restricted to the domain of X^p). 

Proof. If 5 is a locally noetherian connected scheme for which p is locally 
nilpotent, we must show that a tuple {A, i, X, [q]) is an object of X^p (S) if and only 
if it is an object of X'j^p{S). However, since p is locally nilpotent on S, there is a 
natural isomorphism 

Lie A{p) ~ Lie A 
which induces a natural isomorphism 

Lie A{u) ^ Lie A (^Of,p Of,u- 

The coherent sheaf Lie A{u) is locally free of rank n if and only if the summand 
tLieAiu) is locally free of rank 1. The latter is equivalent to the formal part of the 
p-divisible group tA{u) having dimension equal to 1. □ 

Remark 9.1.2. In [Kot92) and [Hid04| . a shghtly different functor 

X'^p : {locally noetherian schemes/ Spec(C' {groupoids} 

is studied. The 5-points are still given by tuples (A, i, A, [ry]), but condition (*) 
is replaced with a "determinant condition" [Kot92[ p390], |Hid04[ p308]. When 
5 is a scheme over Of,u, the determinant condition implies that there is a local 
isomorphism of Os^p-linear Og-modules 

Lie A ^ Os © (Of,„c)"-i ®c,o^,„ Os- 

Here we are implicitly using our fixed isomorphism Os.p — Mn^Op.p), and Op^ 
(respectively Op^a) is the standard representation of the algebra M„(C'i?,„) (re- 
spectively Mn{OF,u'=))- The notation (^c,Of,^ above indicates that we are regard- 
ing (Oj?„c)"~^ as an Oi^^u-module through the conjugation homomorphism. As- 
serting the existence of such a local isomorphism is equivalent to asserting that 
Lie A ^Ofp Of,u is locally free of rank n. The functor X'^p is proven in |Kot92| 
Sec. 5,6] to be representable by a quasi-projective variety Sh{KP)(^„^ when Rp is 
sufficiently small. For general K^, the representing object Sh{KP)(^u) still exists as 
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a Deligne-Mumford stack |Hid04[ Sec 7.1.2]. The Shimura stack Sh{KP) which 
represents the functors X'^p and X^p is obtained from Sh{K'P)(u) by defining 

Sh{KP) := Sh{KP)(^) ®o,,^^, Of.u- 

9.2. Description of Sh{KP)F 

We now describe the stack Sh{KP) p over F. Let 5 be a locally noetherian connected 
scheme over F. An object of the groupoid of ^-points Sh{KP)p{S) consists of 
a tuple (A, z,A, [77]) just as in the definition of the functor X^p except that the 
condition that eA{u) is 1-dimensional must be replaced with a suitable condition 
on the locally free sheaf Lie A on S. The field F acts on Lie A in two different ways: 
both through the complex multiplication i of on A, and through structure of S 
as a scheme over F. This induces a splitting of the sheaf Liej4: 

Lie A = Lie ^+ © Lie A^ 

where LieA+ is the subsheaf where the F-linear structures agree, and LieA~ is 
the subsheaf where the i^-linear structures are conjugate. We require: 

(*): the sheaf Lie must be locally free of rank n. 
Lemma 9.2.1. There is an equivalence of stacks 

Sh{KP) F^ 2i Sh{KP)F ®F Fu. 

Proof. For an S'-object {A,i,X, [77]) of either stack, the sheaf Lie A"*" is natu- 
rally isomorphic to Lie^ '^Opp Op.u- D 

Remark 9.2.2. When working in characteristic 0, the determinant condition of 
Remark 19.1.21 can be replaced by a "trace condition" . The points of the resulting 
stack Sh{KP)p — Sh{KP)(^u) ®Of{^) ^ ^I'S precisely those tuples {A,i,\, [rj]) which 
satisfy condition (*) above (see |HT01[ Lemma IIL1.2]). 

9.3. Description of Sh{KP)c 

Let RP be sufficiently small so that Sh{KP)F is a scheme. Fix an embedding 

j-.F^C. 

We shall explain how the puUback 

Sh{KP)c - Sh{KP)F xspooiF) Spec(C) 

admits a classical description (Theorem 19.3.5^ . The data of Section [6?2l allows us 
to construct explicit points of Sh{KP)c- Let W be the 2n^ dimensional real vector 
space given by Voo — V K with lattice L. A complex structure J is an element 
of GL{W) satisfying — —1. For each such J, the real vector space W admits 
the structure of a complex vector space, which we denote Wj. Associated to J is a 
polarized abelian variety Aj given by the quotient 

Aj = Wj/L. 
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The dual abelian variety is given by 

A'j = W*j/L* 

where 

W} — {a: Wj ^ C : a conjugate Unear}, 
L* ^ {aeW*j : Ima(L) C Z}. 



Associated to the non-degenerate ahernating form ( — , — ) on Voo is a non-degenerate 
hermitian form (—,—),/ on Wj, given by the correspondence of Lemma 15.1.21 

(w, w)j — {Jv, w) + i{v, w). 

We get an induced complex-hnear isomorphism: 

Aj: Wj^W}, 

V 1-^ (w, -),/. 

The integrahty conditions imposed on (— ,— ) with respect to the lattice L (Sec- 
tion 16. 2p imply that A j descends to a prime-to-p isogeny of abelian varieties: 

In order for the isogeny Aj to be a polarization, the alternating form (— , — ) must 
be a Riemann form: we require that the form ( — , J—) be symmetric and positive. 

The _B-action on V gives rise to an embedding 

B ^ AutE(VK). 

In order for B to act by complex linear maps, we must have 

J e Coo c AutR(H/). 

Here, Coo is the algebra C (8>q R, where C is the algebra of Section [6?2l Since Ob 
acts on L, we get an inclusion 

i: OB^End{Aj). 

Let ( — )' be the involution on C of Section [621 Then in order for the involution * 
on B to agree with the A,/-Rosati involution, we must have = — J. 

The _B-linear polarized abelian variety (Aj,i,Xj) admits a canonical integral uni- 
formization rji by the composite 

7?i: LP = lim L/NL 

{N,p) = l 

^ lim N-^L/L 

(N\p) = l 

= lim Aj[N] 
^TP{Aj). 

For g e GU{AP'°°), we let r/g denote the associated rational uniformization 

T]g: VP ^VPiAj). 
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Let C Wj denote the subspace where the complex structure J agrees with 
the complex structure Wj inherits from the i^-linear structure of W through our 
chosen isomorphism j : F (^q]S. ^ C. Then requiring that Liev4+ is n-dimensional 
amounts to requiring that Wf is n-dimensional. 

Let Ti. be the set of compatible complex structures: 

1 ^ °° ' (—, J—) is symmetric and positive. 
Lemma 9.3.1. Suppose that J is a compatible complex structure. Then we have: 

J' = -J, 
dime Wj = n. 

Proof. Using the fact that (— , J—) is symmetric, we have 

{x,Jy) {y,Jx) 

= -{x,,ry). 

Since {—,—) is non-degenerate, it follows that J' ~ — J. 

Our assumptions on the alternating form (— , — ) imply that the associated *- 
symmetric form 

(x,y) = {Sx,y) + d{x,y) 

on W has signature (rt, (n — l)n). Here, F = Q{S), where, under our fixed complex 
embedding, S is equal to —ai for a € K>o- Suppose that a; is a non-zero element of 
wj-. Then we have 

(x, x) = (fe, x) + 5{x, x) 
= {—aix, x) 
— a{x, ix) 
~ a{x, Jx) > 0, 

since we have assumed that (— , J— ) is positive definite. We deduce, using the 
signature of (—,—), that dimWj" < n. However, the same argument shows that 
(— ,— ) is negative definite when restricted to WJ~, which implies that dimM^^ < 
(n — l)n. Since 

dim Wj + dim WJ — , 
we deduce that dim Wj' = n. □ 

We deduce the following lemma. 

Lemma 9.3.2. For J e H, the tuple {Aj ,i,Xj ,[rig\Kp) gives a C-point of Sh{KP)c. 
The group 

GU{m)+ ^ {g e GU{R) : g'g > 0} 
acts on H by conjugation. Under the identification U{M.) = C/(l,n — 1) of Sec- 
tion [621 we have the following lemma. 
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Lemma 9.3.3. The action of C/(R) on Ti. is transitive, and the stabilizer of some 
fixed Jq £ Ti. is given by a maximal compact subgroup 

= UiW+) X U{Wy) ^ U{1) X Uin - 1). 

Thus there is an isomorphism Ti. = UCM.)/ Koc- 

Remark 9.3.4. The symmetric hermitian domain Ti = U{M)/Koo admits a canon- 
ical complex structure |Hel78| VIII]. 

Define a group 

G;7(Z(p))+ ^{ge GUm+ : ^(^(p)) = hp)}- 
Every element 7 e G'[/(Z(p))+ gives rise to a Z(p)-isogeny 

7: {Aj,i,\j,[7-lg]Kp) ^ {A^J.y-l,i,\^J.y-l,[7-ljg]Kp). 

We have the following theorem |Kot921 Sec. 8]. 
Theorem 9.3.5. The map 

GU{Z^p^)+\{GUiAP-°°)/KP xTi)^ Sh{KP)c 

sending a point [g, J] to the point that classifies [Aj^ i, Aj, [rjgjKp) is an isomorphism 
of complex analytic manifolds. 

Remark 9.3.6. The statement of Theorem 19X5) differs mildly that of |Kot92j . 
where it is proven that Sh{KP)c is isomorphic to 

\[ GU{Q}+\{GU{A°^)/KPKpxTi) 

keri(Q,GC/) 

where 

keri(Q, GC/) = ker(i/i(Q, GC/) ^ GC/)), 

V 

Kp^{ge GUiQp) : g{Lp) = Lp}. 

In our case, the ker^'^-term is trivial fCorollarv l5.3.7[) . Moreover, we may remove the 
p-component from the adelic quotient by combining Lemma 7.2 of [Kot92j with 
the fact that H^{Qp, GU) is trivial (Lemma ISXTj) . 

9.4. Automorphic forms 

Let T = (S*!)" be the maximal torus of K^o = U{1) x U{n - 1), and let X = Z" be 
the lattice of characters of T. Let be the finite dimensional irreducible complex 
representation of the group Kao of highest weight k G X. The collection of all 
highest weights of irreducible representations forms a cone 

X+ = Z X Z X C X 

(provided n > 1). Here, the first factor of Z corresponds to the powers of the 
standard representation on U{1) while the second factor of Z corresponds to the 
powers of the determinant representation on J7(n — 1) . The factor N"^^ is the space 
of weights of irreducible representations of SU[n — 1). 
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Associated to Vk. is a holomorphic vector bundle Vk on Sh{KP)c, given by the Borel 
construction. 

V, = GU(Z^p))+\iGU{AP^n/KP X U{R) x^^ 

i 

By a weakly holomorphic automorphic form of weight k we shah mean a holomorphic 
section of V^. A holomorphic automorphic form of weight k is a weakly holomorphic 
automorphic form which satisfies certain growth conditions |Bor66 . If Sh{KP)c 
is compact (i.e. if B is a division algebra — see Theorem l6.6.2p then these growth 
conditions are always satisfied, and every weakly holomorphic automorphic form is 
holomorphic. 

Let ujp denote the line bundle (eLie on Sh{KP)p. Then uip restricts to ui on 
Sh{KP)F^- The puUback luc of ojp to Sh{KP)c is the line bundle whose fiber over 

[g,J] E GU{'L(p))+\{GU{KP-°^)/KP x H) ^ Sh{KP)c 

is given by 

(^c)[3,j] = {UeA+r ^ {W+y. 
We therefore have the following lemma. 

Lemma 9.4.1. There is an isomorphism of vector bundles uj®^ = V_fc, where —k is 
the weight 



We therefore have a zig-zag 

H°{Sh{KP),uj'^'') ^ H°{Sh{KP)F^,uj^'') 



H"{Sh{KP)p, ujf^) H^{ShiKP)c, c^r) 

relating the i?2-term of the descent spectral sequence for TAF kp (|8.3.ip with the 
space of weakly holomorphic automorphic forms of weight —k. 
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Smooth G-spectra 



In this chapter we introduce the notion of a smooth G-spectrum for a totally dis- 
connected locally compact group G. We shall see in the next chapter that the 
collection of spectra {TAF{KP)}, as varies over the compact open subgroups 
of G = GU{AP'°°), gives rise to a smooth G-spectrum Vqu- 



10.1. Smooth G-sets 

Recall that a G-set X is smooth if the stabilizer of every x G X is open. Such a 
G-set X then satisfies 

X= lim X" 

H<oG 

where H runs over the open subgroups of G. Let Set^ be the category whose 
objects are the smooth G-sets and whose morphisms are G-equivariant maps. 

Fix an infinite cardinality a larger than the cardinality of G. Let Set^'" be the (es- 
sentially) small subcategory of Setg" consisting of those smooth G-sets which have 
cardinality less than a. We may endow Set^'" with the structure of a Grothendieck 
topology by declaring that surjections are covers. The only nontrivial thing to ver- 
ify is that Setg"'" contains puUbacks, but this is accomplished by the following 
lemma. 

Lemma 10.1.1. Suppose that Hi and H2 are open subgroups of H, an open subgroup 
of G. Then the following diagram is a pullback diagram of smooth G-sets. 

heHi\H/H2 ' ^ 



G/Hi > G/H 

Here all of the maps are the evident surjections except for the map r, which is given 
by the following formula: 



r{g{Hi n hH2h-^)) = ghH^. 



The site Set^ ' has enough points, with one unique point given by the filtering 
system {GIH}h<„g- 
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Every smooth G-set is a disjoint union of smooth G-orbits, and (since G-orbits are 
small) the natural map 

(10.1.2) l[l[Ma.pa{G/Hi,G/Hj) ^ Map^ [ ]J G/iJ^, ]J G/if, 

is an isomorphism. Therefore, to describe the morphisms in Setg" it suffices to 
describe the morphisms between smooth G-orbits. Let H and H' be open subgroups 
of G, and consider the subset 

hNh' ={9€G : g-^Hg < H'}. 

We have an isomorphism 

(10.1.3) Mapc (G/F,G/iJ') = {H\hNh'/H'Tp 
where for g e h^h' , the double cosct HgH' corresponds to the map 

Rg : xH xgH' . 

Suppose that A* is a sheaf on the site Set^'" . Then the colimit 

X= lim X{G/H) 

taken over open subgroups H is a smooth G-sct with H-Hxed points 

= X{G/H). 

Conversely, any smooth G-set X gives rise to a sheaf X on Set^'" whose sections 
on a G-set S = UiG/Hi are given by 

X{S)='[[X"\ 

i 

These constructions give the following lemma. 

Lemma 10.1.4. The category of smooth G-sets is equivalent to the category of 

sheaves of sets on the site Set^'". 

There is an adjoint pair {U, (— )*™) of functors 

U : Setg" ^ Seta : (-)"" 
between the category of smooth G-sets and the category of all G-sets, where 

U{X) = X, 
X'"" = lim X^. 

H<oG 

The category of smooth G-sets is complete and cocomplete, with colimits formed 
in the underlying category of sets, and limits formed by applying the functor (—)*'" 
to the underlying limit of sets. Finite limits are formed in the underlying category 
of sets. 

Remark 10.1.5. The properties listed above make the adjoint pair (J7, (—)'"") a 
geometric morphism of topoi. 
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10.2. The category of simplicial smooth G-sets 

It is convenient to construct model categories of discrete G-spaces and discrete 
G-spectra for a profinite group G by considering the category of simplicial (pre)- 
sheaves of sets on the site of finite discrete G-spaces (see, for instance |Jar97) ). 
An alternative, and equivalent approach, was proposed by Goerss [Goe95) . who 
considered simplicial objects in the category of discrete G-sets. In this section we 
modify these frameworks to the case of G a totally disconnected locally compact 
group. We investigate these model structures in some detail in preparation for some 
technical applications in Chapter 1131 

Definition 10.2.1. A simplicial smooth G-set is a simplicial object in the category 
Setg". 

Consider the following categories: 

s Set^ = simplicial smooth G-sets, 
sPre(Set^'") — simpHcial presheaves of sets on Set^'", 
sShv(Set^'") — simplicial sheaves of sets on Set^'". 



Consider the diagram of functors 

(10.2.2) sPre(Set?r'") s Shv(Set5r'") s Setg" 

U R 

where 

= sheafification, 
U = forgetful functor, 
L{X) = lim X{G/H), 

H<„G 

R{X){\1,G/K,)^\{X''\ 

i 

The pairs (£^, U) and [L, R) arc adjoint pairs of functors. Lemma [10. 1 .41 has the 
following corollary. 

Corollary 10.2.3. The adjoint pair (L, R) gives an adjoint equivalence of cate- 
gories. 

The categories of simplicial presheaves and sheaves of sets admit injective local 
model structures such that the adjoint pair (£^,[/) forms a Quillen equivalence 
|Jar87j . The category s Setg" inherits a Quillen equivalent model structure under 
the adjoint equivalence [L, R). We shall call this induced model structure on s Set^ 
the injective local model structure. 

Lemma 10.2.4. A map in sSet^" is a weak equivalence (cofibration) in the injective 
local model structure if and only if it induces a weak equivalence (monomorphism) 
on the underlying simplicial set. 
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Proof. The local weak equivalences in sPre(Set^'") and sShv(Set^'") are 
the stalkwise weak equivalences, and the functor L gives the stalk. A cofibration 
of simplicial presheaves is a sectionwise monomorphism. The result for cofibrations 
follows immediately from the definition of the functor L, and the fact that for a 
simplicial sheaf X , and open subgroups U <V < the induced map 

X{G/V) X{G/U) 

is a monomorphism. □ 

The category of simplicial sheaves on Set^"'" also admits a projective local model 
structure [BlaOl. . In this model structure, the weak equivalences are still the local 
(stalkwise) weak equivalences, but the projective cofibrations are generated by the 
inclusions of the representable simplicial sheaves: the generating cofibrations are 
morphisms of the form 

in^z ■■ 5A" X Mapc,(-, Z) ^ A" x Mapc,(-, Z) 

for Z £ Set^'"'". The projective local fibrations are determined. The category of 
simplicial smooth G-sets inherits a projective local model structure from the adjoint 
equivalence (L, i?). 

Lemma 10.2.5. A map in sSet^ is a projective cofibration if and only if it is a 
monomorphism. 

Proof. The class of projective cofibrations is generated by the monomor- 
phisms 

Lin,z ■■ Z X aA" «^ Z X A" 
for Z G Set™'". It clearly suffices to consider the generating morphisms Li^^G/H 
for open subgroups H < G. Because the maps Li^^G/H s^re monomorphisms, every 
projective cofibration is a monomorphism. Conversely, given an inclusion j : X ^ 
Y of simplicial smooth G-sets, we have 

Y = limrl'^l 

k 

where Y^-^^ = X and F W is given by the pushout 

Utvf.-^x,, 5A" 



Uny,-nx, A" ^ 

where NXk and NYk are the (smooth G-sets of) nondegenerate fc-simplices of X 
and Y, respectively. This pushout may be rewritten in terms of G-orbits of non- 
degenerate fc-simplices as follows. 

l[[a]eiNY,^NX,)/GG/Ha X ^A" ^ y[fe-l] 

U[a]eiNY,-NX,)/GG/Ha X A" ^ y [fc] 
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Here, for a representative a of an G-orbit [tr], the group is the (open) stabihzer 
of a. We have shown that the class of monomorphisms is contained in the category 
of cofibrations generated by the morphisms Lin^z- D 

We have shown that the cofibrations and weak equivalences are the same in the 
injective and projective local model category structures on sSet^\ giving the fol- 
lowing surprising corollary. 

Corollary 10.2.6. The injective and projective local model category structures on 
sSetg" agree. 

It is shown in jBlaOl) that a map between simplicial sheaves is a projective local 
fibration if and only if it is a projective local fibration on the level of underlying 
presheaves. In |DHI04| Thm 1.3], an explicit characterization of the projective 
fibrant presheaves is given. This fibrancy condition, when translated into s Set^ 
using the functor L, gives the following characterization of the fibrant objects of 
s het(3 . 

Lemma 10.2.7. A simplicial smooth G-set X is fibrant if and only if: 

(1) the H-fixed points is a Kan complex for every open subgroup H < G, 

(2) for every open subgroup H < G and every hypercover 

■■■ II g7c/„,2^ II G/U^.i^ II G/U^^,^G/H 

ae/2 ctG/o 

(where G/U denotes the representable sheaf associated to a smooth orbit 
G/U) the induced map 

X" holim J]^ 

ael, 

is a weak equivalence. 

Remark 10.2.8. Since filtered colimits of Kan complexes are Kan complexes, the 
underlying simplicial set of a fibrant simplicial smooth G-set is a Kan complex. 

10.3. The category of smooth G-spectra 

The methods of Section 110.21 extend in a straightforward manner to give model 
categories of smooth G-spectra, as investigated in the case of G profinite by Jar97] 
and [Dav06| . These smooth G-spectra are intended to generalize "naive equivariant 
stable homotopy theory" : the fibrant objects will not distinguish between fixed 
points and homotopy fixed points. 

Definition 10.3.1. A smooth G -spectrum is a Bousfield-Friedlander spectrum of 
smooth G-sets. It consists of a sequence {Xi}i>o of pointed simplicial smooth 
G-sets together with G-equivariant structure maps 

YjXi — > Xij^i. 

Remark 10.3.2. If G is a profinite group, then the notion of a smooth G-spectrum 
coincides with that of a discrete G-spectrum studied in [Dav06j . 
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Consider the following categories (where spectrum means Bousfield-Friedlander 
spectrum of simplicial sets): 

^Pg" = category of smooth G-spectra, 

PreSp(Set^'") = category of presheaves of spectra on Set^'", 

Shv Sp(Set^'") = category of sheaves of spectra on Set^'". 



Just as in Section flO. 21 we have a diagram of functors 

(10.3.3) Pre Sp(Set JT'") Shv Sp(Set^"'") ^v"g 

U R 

where 

= sheafification, 
U = forgetful functor, 
L{X) = lim X{G/H), 

H<oG 

R{X){n,G/K,)^\{x''\ 

i 

The pairs (£^,?7) and {L,R) are adjoint pairs of functors, and the adjoint pair 
(i, R) gives an adjoint equivalence of categories. 

The categories of presheaves and sheaves of spectra admit injective local model 
structures such that the adjoint pair (£^,[/) forms a Quillen equivalence |GJ98) . 
The category Spg" inherits a Quillen equivalent model structure under the adjoint 
equivalence {L,R). 

Lemma 10.3.4. A map in Spg" is a weak equivalence (cofihration) if and only if it 
induces a stable equivalence (cofihration) on the underlying spectrum. 



Proof. The weak equivalences in PreSp(Set^'") and Shv Sp(Set^'") are the 
stalkwise stable equivalences. For a sheaf of spectra the underlying spectrum 
of L£ is the stalk of £ at the (unique) point of the site Setg"'". An argument 
analogous to that given in |Dav06i Thm 3.6] proves the statement concerning 
cofibrations. □ 



10.4. Smooth homotopy fixed points 

For a smooth G-spectrum X, we define the fixed point spectrum by taking the fixed 
points level-wise 

The G-fixed point functor is right adjoint to the functor triv which associates to a 
spectrum the associated smooth G-spectrum with trivial G-action. 

triv: Sp t^: Spfj : (—)''. 

Since the functor triv preserves cofibrations and weak equivalences, we have the 
following lemma. 
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Lemma 10.4.1. The adjoint functors {triv, {—)'~') form a Quillen pair. 

Let f^Q x ■ X ^ X/G denote a functorial fibrant replacement functor for the model 
category Spg", where Pg,x is a trivial cofibration of smooth G-spectra. The ho- 
motopy fixed point functor (— )'"^ is the Quillen right derived functor of (— )*^, and 
is thus given by 

X'^G = {Xfof. 



10.5. Restriction, induction, and coinduction 

Fix an open subgroup H of G. For a smooth H-set Z, we define the coinduced 
smooth G-set by 

Colndg Z = MapH(G, Z)*™ := lim M&Ph{G/U, Z) 

U<oG 

where the colimit is taken over open subgroups. An element g G G sends an element 
a G Ma,pjj{G/U, Z) to an element g ■ a & Mapfj{G/gUg~^, Z) by the formula 

{g-a){g'{gUg-^))=a{g'gU). 

This construction extends to simplicial smooth G-sets and smooth G-spectra in the 
obvious manner to give a functor 

Colndg: Sp|r-»Spg". 

Let Res^ be the restriction functor: 

Res^ : bp(5 Sp^ . 

The functors (Res§, Colnd^) form an adjoint pair. Since Res§ preserves cofibra- 
tions and weak equivalences, we have the following lemma. 

Lemma 10.5.1. The adjoint functors (Res^, Colnd^) form a Quillen pair. 

The Quillen pair (Res^, Colndg) gives rise to a derived pair (LResg,i?CoIndg). 
Since the functor Res^ preserves all weak equivalences, there are equivalences 
LRes^ X ~ Res^ X for all smooth G-spectra X. 

Lemma 10.5.2 (Shapiro's Lemma). Let X he a smooth H -spectrum, and suppose 
that H is an open subgroup of G. Then there is an equivalence 

{RColnd% Xf^ ^ X^" . 

Proof. The lemma follows immediately from the following commutative dia- 
gram of functors. 




□ 
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Define the induction functor on a smootli ff-spectrum Y to be tiie Borel construc- 
tion 

Indgy = G+ AhY. 

Here, tlie Borel construction is taken regarding G and H as being discrete groups, 
but this is easily seen to produce a smooth G-spectrum since H is an open subgroup 
of G. The induction and restriction functors form an adjoint pair (Indg,Resg) 

Indg : Sp^ ^ Spq" : Resg . 

Since non-equivariantly we have an isomorphism 

Indg Y = G/H+ A y, 

we have the following lemma. 

Lemma 10.5.3. The functor Ind'^ preserves cofibrations and weak equivalences, and 
therefore Resg preserves fibrant objects. 

Definition 10.5.4. Let X be a smooth G-spectrum. Define the smooth homotopy 
H-tixed points of X by 

Xf"" := (Res^X)''" 
Lemma 110.5.31 has the following corollary. 

Corollary 10.5.5. For a smooth G-spectrum X , the spectrum X^^ is equivalent 
to the H -fixed points (Xfc)^. 



10.6. Descent from compact open subgroups 

In this section we will explain how the homotopy type of a smooth G-spectrum can 
be reconstructed using only its homotopy fixed points for compact open subgroups of 
G ( Construction [TU. 6 . 3p . This construction will be used in Section fll.ll to construct 
a smooth GC/(A'''°°)-spectrum Vgu from the collection of spectra {TAF{KP)}, 
where ranges over the compact open subgroups of GU{Ap-°°). 

Let SetJ^*'" be the full subcategory of Set^'" consisting of objects X whose stabi- 
lizers are all compact. Every object Z of Sct^ is therefore isomorphic to a disjoint 
union of G-orbits 

Z = l[G/K, 

i 

where the subgroups Ki are compact and open. Lemma llO.l.ll implies that Set'^"'" is 
a Grothendieck site, with covers given by surjections. The site Setg also possesses 
enough points, with a unique point given by the filtering system {G/K}k where 
K ranges over the compact open subgroups of G. 

Just as in Section flO. 31 there is an adjoint equivalence {L',R') 

L': ShvSp(Set™^") t^Spg": i?' 
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where 

L'X^ lim X{G/K), 

K<^aG 

(i?'x)(n,G/if.) = n^'''- 

i 

The colimit in the definition of L' is taken over compact open subgroups of G. 

The adjoint equivalence {L',R') induces a model structure on Sp^ from the Jar- 
dine model structure on Shv Sp(SetQ '"). Precisely the same arguments proving 
Lemma 110.3.41 apply to prove the following lemma. 

Lemma 10.6.1. In the model structure on Sp^ induced from the Jardine model 
structure on Shv Sp(Set^'"), a map is a weak equivalence (cofibration) if and only 
if it is a weak equivalence (cofibration) on the underlying spectrum. 

Corollary 10.6.2. The model structure on Sp^" induced from the Jardine model 
structure on Shv Sp(SetQ is identical to that induced from the the model structure 
on Shv Sp(SetQ"'"). 

Construction 10.6.3. Begin with a presheaf of spectra X on the site Set^'". We 
associate to X a smooth G-spectrum 

Vx^L'{C^X)f, 

the functor L' applied to the fibrant replacement of the sheafification of X. 
Lemma 10.6.4. The smooth G-spectrum Vx is fibrant. 

Proof. The fibrant objects in Sp^" are precisely those objects X for which 
R'X is fibrant in Shv Sp(Setg Since {L',R') form an equivalence of categories, 
there is an isomorphism 

R'Vx = R'L'{C^X)f ^ {C^X)f. 

□ 

Lemma 10.6.5. Suppose that X is a fibrant presheaf of spectra on Set^ and that 
K is a compact open subgroup of G. Then there is an equivalence of spectra 

X{G/K) ^ V^. 

Proof. Consider the Quillen equivalence given by the adjoint pair 
£2; PreSp(Set™'") t^ShvSp(SetG'"): U 

where is the sheafification functor and U is the forgetful functor. The functor 
U preserves all weak equivalences. 

Define (f> to be the composite 

X ^UC'X ^UiC^X)f 

in the category Pre Sp(Set^'"), where rj is the unit of the adjunction and a is the 
fibrant replacement morphism for the sheaf C^X. The map ry is always a weak 
equivalence, and, since U preserves all weak equivalences, the map U{a) is a weak 
equivalence. Thus (j) is a weak equivalence of presheaves of spectra. 
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The functor U , being the right adjoint of a Quillen pair, preserves fibrant objects, 
and thus (ji is a weak equivalence between fibrant objects. The sections functor 

Tg,k: PreSp(Set^°'«)^Sp 

£ ^ £{G/K) 

is also the right adjoint of a Quillen pair, and hcincc; preserves weak equivalences 
between fibrant objects. We therefore have a string of equivalences 

X{G/K) U{C^X)f{G/K) 

= {C'X)f{G/K) 
^{R'L'C'^X)f){G/K) 



K 



□ 



10.7. Transfer maps cind the Burnside category 

In this section we will construct transfer maps between the homotopy fixed points of 

compact open subgroups. Wc will then explain how this extra structure assembles 
to give this collection of homotopy fixed point spectra the structure of a Mackey 
functor. 



Construction of transfers. Wc will now explain how to use Shapiro's Lemma 
to construct transfer maps for smooth G-spectra. 

Suppose K \s a. compact open subgroup of G with open subgroup K' . There is a 
continuous based map Kj^ K'_^_, equivariant with respect to the left and right 
/^''-actions, given by 




k iikGK', 
* otherwise. 



Given a smooth K' -spectrum X, this gives rise to a map of /C'-spectra 

X ^ M&pK'A^+'^y"" ^ M&pK'A^+^^y"" - ^^^K' Colndf , X. 
The adjoint of this map is a natural map of K-spectia 

Indf , X ^ Colndf , X 
On the level of underlying spectra, this map is an inclusion 

V n^' 

K/K' K/K' 

and hence is a natural weak equivalence of smooth /C-spectra. 
Consider the counit map 

e^r. Indf , Res^, X ^ X 



10.7. TRANSFER MAPS AND THE BURNSIDE CATEGOR.Y 



75 



Application of the right derived functor of smooth coinduction gives a diagram of 
maps 

R Colndg, X^R Colndg Indf , X ^R Colnd^ X 

of smooth G-spectra. Upon taking homotopy fixed points, Lemma 110.5.21 gives rise 
to natural maps 

X"^' ^(Ind^, Res|, X)''^ X''^. 

Definition 10.7.1. The transfer associated to the inclusion of K' in K is the 
corresponding map Tr^, : X'^^ X^^ in the homotopy category. 

The Burnside category. The treatment in this section follows [Min99| . De- 
fine the Burnside category TUg* of G-sets to be the a category with objects given 

by 

Ob(7Ug') = {Z e Set™'" : \Z/G\ < oo}. 

Thus the objects of Mq are G-sets with finitely many orbits and compact open 
stabilizers. 

We now define the morphisms. Let S,T be objects of Ai^. Let Cor(5, T) denote 
the set of correspondences given by isomorphism classes of diagrams in Set^ of the 
form 



X 




S T. 



The set Cor(S', T) admits the structure of a commutative monoid through disjoint 



unions: 

X X' xnx' 

S T S T S T 



The morphisms of the category Mq from 5 to T are defined to be the Grothendieck 
group of the monoid Cor(5, T): 

HomAig'(5,T) = Groth(Cor(S',r)). 
Composition in is given by: 



Y X Z 




T US T X Y 




S T U 



where Z is the puUback X y^xY . 
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The morphisms of A^q are generated by the right multiphcation by g maps 

Pg-. G/gKg-'^G/K, 

the projections 

rf , : G/K' ^ G/K, 

and the transfers 

if,: G/K G/K' 
for g ^ G, K' < K, satisfying the following relations. 

(1) Pg ° Ph = Phg 

(2) rf,orf;, =rf„ 

(3) ^^'„o^^,_=i^„ 

(4) Pa ° "^"gK'g-^ = ^X' ° Pg 

(5) Pg°ilK'g-^ = iK'°Pg 



(6) ^'^-r^-EK.Lr^-^K.nLP ^ 



o I 



KnxLx- 



Definition 10.7.2. A Mackey functor (for the group G) is an additive functor 

Mq ~^ Abelian groups 
which takes coproducts to direct sums. 

The Mackey functor associated to a smooth G-spectrum. For a smooth 
G-spectrum X we get an induced functor 

X : {M'gyP ^ Ho(Sp) 

from the Burnside category to the homotopy category of spectra as follows. On 
objects, we define 

X{U,G/K,)^1[X''''\ 

i 

To a correspondence of the form 

(10.7.3) G/K" 





G/K G/K' 

we assign the composite 

^hK' ^°^g-iK"3^ ^hg^^K"g 9^ X'^^" > X'^^ 

Every correspondence between G/K and G/K' is a disjoint union of correspon- 
dences of the form (jl0.7.3p , and we assign to it the corresponding sum of morphisms 
in the homotopy category of spectra. Thus we have defined a map of commutative 
monoids 

Cor(G/if,G/i^') ^ HomHo(Sp)(^'''^',^'''^) 
which extends to a homomorphism 

Hom^^o(G/i^,G/i^') ^ HomHo(Sp)(^"'^',^"'^)- 
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Extending additively we have homomorphisms 

Hom^g>(5,T) ^ HomHo(Sp)(-^m,^(5)) 
for every pair of objects 5, T G Mq. 

In view of the definition of composition in , the foUowing lemma imphes the 
functoriahty of X . The lemma is easily verified using the definition of transfer. 

Lemma 10.7.4. Suppose that Hi and H2 are open subgroups of H, a compact open 
subgroup of G. Consider the following pullback diagram of Lemma \10.1.l[ 



U G/{HinhH2h-^) 

heHi\H/H2 



G/Hi 



G/H2 



G/H 



Then the following diagram commutes in Ho(Sp). 



heHi\H/H2 

^ HinhH2h-^ 



G/H2 



Tr 



H2 



G/Hi 



Rcsf 



G/H 



The previous relations imply the following. 

Proposition 10.7.5. The conjugation, restriction, and transfer maps satisfy the 
following relations. 



(1) h„ o g^ = {hg)^ 



(2) Resf !, o Res^^, = Res^^„ 

(3) Trf,oTr^;, =Trf„ 

^gKg-^ 



(4) Res^^?^:, og, = .9, o Res^ 

(5) Tr^^?g_i og, = oTr^, 

(6) Res^ o Trf - Tr|n.L.-i ° Res^-^K.nL 
Corollary 10.7.6. The functor 

7r*A:'(— ) : — + Abelian groups 

i 

is a Mackey functor. 

For any G-module M, the fixed points form a Mackey functor. 

M(-) : {Mg)°p Abehan Groups 
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The transfers 
are given by 



[g]eK/K' 

Consider the canonical "edge homomorphisms" 

The following lemma is easily verified by comparing the definitions of transfers. 

Lemma 10.7.7. The homomorphisms e(_) assemble to give a natural transformation 
of Mackey functors 

£(_): 7r.(X''(-))^7r*(X)(-). 



CHAPTER 11 



Operations on TAF 



In this chapter we wiU describe three classes of cohomology operations, which extend 
classical operations in the theory of automorphic forms. 

(1) Restriction: For compact open subgroups K'p < K^, a map of E^o- 
ring spectra 

Resfrp: TAF{KP) TAF{K'p). 

(2) Action of GU{AP'°°): For g e GU{AP'°°) and Rp as above, a map of 
iJoo-ring spectra 

5,: TAF{KP) ^ TAFigRPg-'). 

(3) Transfer: For RP and R'p as above, a map in the honiotopy category 
spectra 

Trf : TAF{R'P) TAF{RP). 

Operations of type (1) and (2) may be most elegantly formulated as a functor on an 
orbit category, as we describe in Section ril.il This structure gives rise to a smooth 
GC/(AP'°°)-spectrum Vqjj- The operations of type (3) then come automatically (see 
Section flO.Tp . All three types of operations encode the fact that TAF{—) induces a 
Mackey functor from the Burnside category into the homotopy category of spectra. 

The relationship of this Mackey functor structure to the theory of Hecke algebras is 
discussed in Section fl 1.21 While we are able to lift Hecke operators on automorphic 
forms to cohomology operations on TAF {Rp) ^ we are unable to determine in general 
if this induces an action of the corresponding Hecke algebra (we do treat a very 
restrictive case in Propositions 111.2.31 and I11.2.6P . We are not advocating that 
having the Hecke algebra act on TAF{R) is necessarily the "right" point of view. 
The most important structure is the Mackey functor structure. 

11.1. The Eoo-action ot GU{AP'°°) 

Let Setgy^^^p be the Grothendieck site of Section flO. 61 
Proposition 11.1.1. The assignment 

Y[ GU{KP'^)/RP ^ W TAF{RP) 

i i 

gives a presheaf 

TAF{-): (Set™^"^p_^-|)°P ^ Eoo-ring spectra. 
79 
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Proof. In light of the isomorphism ()10.1.2|) . it suffices to estabhsh functoriahty 
on orbits in Setg^^p,ooy Let Orbgj/^j^p.oo) be the subcategory of orbits. Consider 
the functor 

Oi'bQ[/(AP,oo) {p-divisible groups}, 
RP t-^ {Sh{KP),eA{u)). 

Here, (A, i,A, [f]]Kp) is the universal tuple on Sh{KP). 

Using the isomorphism (|10.1.3p . functoriality of this correspondence is established 
as follows: for open compact subgroups g^^K'^g < K^, the map 

9K'p,Kp ■■ Sh{K'P) ^ Sh{KP) 

classifies the tuple (A', i'. A', \j]'g]Ki'), where (A', i'. A', is the universal tuple 

on Sh(K'P). In particular, there is a canonical isomorphism of p-divisible groups 

acan^■ eA (m) {gK'p,Kp)*eA{u) 

giving a map 

{gK'p^Kp,acan): {Sh{K'P) , eA' {u)) ^ {Sh{KP),eA{u)) 

in the category of p-divisible groups. The functoriality Theorem 18.1.41 gives an 
induced map of presheaves of Eoo-Ting spectra 

{gK'p,Kp,acanr : {gK'p .Kp)* £ (K^) £{K'P) 

and hence a map 

TAF{KP) -> TAF{K'p). 

□ 

Lemma 11.1.2. The presheaf TAF{~) on the site Set™j|^^^p is fibrant. 

Proof. Fibrancy is shown to be a local condition in [DHI04| . and hence 
follows from Lemma [8.3.21 and the fibrancy of the presheaves £{Kp) of Section [8?3l 

□ 

Construction llO.Ol associates to the presheaf TAF{—) a fibrant smooth GU{AP'°°)- 
spectrum 

Vgu — Vtaf{-)- 

By Lemma [10.6.51 for any compact open subgroup KP < GU{AP'°°) we have an 
equivalence 

TAF{KP) ^ V^^\ 

11.2. Hecke operators 

Let G = GU{AP'°°). Let M = M'g denote the Burnside category. In SectiondUTI 
we observed that the homotopy fixed points of a smooth G-spectrum assembled to 
yield a Mackey functor in the stable homotopy category. In particular, since the 
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spectra TAF{—) are given as homotopy fixed point spectra, our Mackey functor 
takes the form: 

-> Ho(Sp) 
U,G/K, ^ Yl TAF{K,) 



Let Ti, denote the Hecke category of G. The objects of H are the same as the objects 
of M.. The morphisms are additively determined by 

non,H{G/K,G/K') = Homz[G] (Z[G/i^], Z[G//v ']) = (Z[G/i^'])^. 

This morphism space is a free abehan group with basis 

r[,] = ^9K' : [5] e K\G/K' I C Z[G/i^']^. 

h<£K/KngK'g-^ J 

The endomorphisms 'm H G/K give the Hecke algebra of the pair (G, K). 
There is a natural functor 

(see |Min99| ) which associates to the correspondence 

X 

S T 

the morphism given by 

'L\S\ Z[T] 

for elements s G S". The functor F is full, but not faithful. The generators T[g] G 
llomi-c{G/ K,G/K') may be lifted to correspondences 

G/i^n5A"5-' , , 

G/if GjK' 
but this does nof induce a splitting of F. 

Definition 11.2.1 (Hecke Operators on TAF). For \g\ e K\G/K' define the _ffecfce 
operator 

T[g) : TAF{K') TAF{K) 

to be the composite: 

T.4F(if') ^ TAF{gK'g-^) TAF{KngK'g-^) Z4F(X) 
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Question 11.2.2. Do these Hecke operators induce a factorization of the following 
form? 

^ Ho(Sp) 



In particular, does this induce a map of rings from the Hecke algebra for [G, K) 
into the ring of stable cohomology operations on TAF(K) ? 



We are unable to resolve this question in general. We can give some partial results. 

Proposition 11.2.3. Suppose that for every compact open subgroup K of G, and 
every quasi- coherent sheaf J- on Sh{K)^ , the sheaf cohomology groups 

H-^{Sh{K);,T) 

vanish for s > 0. Then the Mackey functor TAF{—) factors through the Hecke 
category. 

Remark 11.2.4. The hypotheses of Proposition 111.2!^ are extremely restrictive. 
There are morally two ways in which the hypotheses can fail to be satisfied. 

(1) The stack Sh{K) can fail to have an etale covering space which is an afRne 
scheme. 

(2) The stack Sh{K) can have stacky points whose automorphism group con- 
tains p-torsion. 

This immediately rules out the case where the algebra B is a division algebra 
fTheorem l6.6.2f 3)). Note that the (non-compactified) moduli stack of elliptic curves 
Aieii does satisfy the hypotheses of Proposition lll.2.3l for p > 5. (See Remark [ll.2.7l 
for more discussion on the modular case.) 



Proof of Proposition Ill.Ol Fix a compact open subgroup K. The de- 
scent spectral sequence (18.3.11) 

W{Sh{K);,uj®') ^ 7:2t-siTAFiK)) 

collapses to give an edge isomorphism 

7r2t{TAF{K)) ^ H'^{ShiK)^,u;^'). 

By Proposition 18.2.21 our hypotheses guarantee that the spectrum TAF{K) is 
Landweber exact. Picking a complex orientation for TAF{K), the ring tt* TAF(K) 
becomes an MC/*-algebra, and the natural map 

MU.MU (S)Mu, TAF{K) ^ MU, TAF{K) 

is an isomorphism, giving (see [Ada74j ) 

(11.2.5) MU^TAF(K) ■n^TAF{K)[biM, ■■■]■ 

By Landweber exactness, for any pair of compact open subgroups K,K' , the natural 
homomorphism 

[TAF{K), TAF{K')] ^ }iomMU,Mu{MU^TAF{K), MU^TAF{K')) 
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is an isomorphism |HS99l Cor. 2.17]. Yoshida ( |Yos83] . [Min99| Thm. 3.7]) 
proved that a Mackey functor 

AbeUan Groups 

factors through the Hecke category if and only if for every K' < K we have 
Tr^/ Res^, = \K : K'\. It therefore suffices to prove that the composite 

MU, Rcs'S, , MU, Ti'iJ, 

MU^TAF{K) 'U MU^TAF{K') ^ MU^TAF{K) 

is muhiphcation by \K : K'\. 

Recall that for A'', an open normal subgroup of if, the morphism 

Sh{K') Sh{K) 

is a Galois covering space with Galois group K/K' (Theorem 16.6.21) . We therefore 
have 

n^TAF{K) = { lim tt^TAF{K'))^ 

K'<aK 

where the colimit is taken over open subgroups of K. We deduce from (|11.2.5[) that 
the map 

MU.{TAF{K)) = MU,{V^^) ^ MU,{Vgu) 
is a monomorphism. Consider the following diagram (where V = Vqu)- 



ResiJ, 



MU* Colnd^, V ■ 

(3) 



(4) S 



MC/*Map(Js:/i4:', V) ^ MU^K/K'^ A V 



MU,V 



^ n MU.V 



diag if/if' 



K/K' add 
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Here (1) is the isomorphism given by Lemma [10.5.21 and (2) is the counit of the ad- 
junction. The isomorphisms (3) and (4) are induced by the canonical if-equivariant 
isomorphisms: 

Colndf , V = M&viK/K', V), 

Ind|, V = K/K'^ A V, 

where K acts on Map (-fiT/iir', V) by conjugation and on K/K'j^ A V diagonally. 
The bottom horizontal composite is multiplication by \K : K'\. Since the leftmost 
and rightmost vertical arrows are monomorphisms, we deduce that the topmost 
horizontal composite is multiplication hy \K : K'\. □ 

Precisely the same methods prove the following variant. 

Proposition 11.2.6. Suppose that K is a fixed compact open subgroup, and that 
for every compact open subgroup K' of K , and every quasi- coherent sheaf T on 
Sh{K')p , the sheaf cohomology groups 

H^{Sh{K');,:F) 

vanish for s > 0. Then the Hecke operators induce a homomorphism of rings 

I\G/K]^ ^ [TAF{K), TAF{K)]. 
Here 'L[G/K]^ ^ }iom^[G]mG/K],Z[G/K]) is the Hecke algebra for {G,K). 

Remark 11.2.7. This is an analog of the work of Baker [Bak90| . Baker proved 
that for p > 5, the spectra TMF (j,) admit an action of the Hecke algebra for the 

pair {GL2{M''°°),GL2{'L^y)- The authors do not know if his results extend to the 
cases where p = 2 or 3. These are precisely the cases where the corresponding 
moduli stack has nontrivial higher sheaf cohomology. 

We note that regardless of the outcome of Question lll.2.2| Lemma 110.7.71 implies 
that the edge homomorphism 

^2tTAF{K) ^ {^2tVGuy^ = H\Sh{K);,u®') 

commutes with the action of the Hecke operators (as given in Definition lll.2.l| ). 
This relates the action of the Hecke operators on TAF{K) to the action of the 
classical Hecke operators of the corresponding space of automorphic forms. 



CHAPTER 12 



Buildings 



In this chapter we give exphcit descriptions for the Bruhat-Tits buildings of the 
local forms of the group GU and U . The buildings are certain finite dimensional 
contractible simplicial complexes on which the groups GU{Q£) and U{Qe) act with 
compact stabilizers. Our treatment follows closely that of [AN02j . 



12.1. Terminology 

A semi- simplicial set is a simplicial set without degeneracies. Thus a semi-simplicial 
set consists of a sequence of sets Xk of fc-simplices, with face maps d, : 

Xk Xk-i satisfying the simplicial face relations. 

A simplicial complex {X,, <} consists of a sequence of sets A"fe of /c-simplices to- 
gether with a poset structure on the set Xk which encodes face containment. 
Thus a semi-simplicial set is a simplicial complex with a compatible ordering on 
the vertices of its simplices. 

For a finite dimensional simplicial complex X, , let d denote the maximal dimension 
of its simplices. A d-simplex in AT, is called a chamber. The simplicial complex A, 
is called a chamber complex if every simplex is contained in a chamber, and given 
any two chambers a and b there is a sequence of chambers 

a = ao, ai, . . . , flfc = 6 

such that for each i, the chambers and a.i_i intersect in a (c? — l)-dimensional 
simplex (a panel). A chamber complex is thin if each panel is contained in exactly 
2 chambers. A chamber complex is thick if each panel is contained in at least 3 
chambers. 

For a thin d-dimensional chamber complex A, , a folding is a morphism of simplicial 
complexes 

/ : A. -> A. 

satisfying = f for which every chamber in the image of / is in the image of 
exactly 2 chambers. The complex X, is called a Coxeter complex if, for every pair 
of chambers a and 6, there exists a folding / for which /(a) — b. 

A building B is a, chamber complex which is a union of Coxeter complexes. These 
subcomplexes are the apartments of i3, and are required to satisfy the following two 
conditions: 
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(1) For any pair of chambers, there must exist an apartment containing both 
of them. 

(2) For any pair of apartments Ai and A2, there must be an isomorphism of 
simpHcial complexes 

such that (j) restricts to the identity on Ai r\A2- 

A building B is said to be affine if its apartments are tessellations of a Euclidean 
space by reflection hyperplanes of an irreducible afBne reflection group. 

Remark 12.1.1. All of the buildings wc shall consider will be affine. The buildings 
for SL and U will be thick, but the buildings for GL and GU will not be thick. 

12.2. The buildings for GL and SL 

Let K he a. discretely valued local fleld with ring of integers O and uniformizer n. 
Let W he a K-vectoi space of dimension n. 

The building for GL{W). The building B{GLiW)) is the geometric real- 
ization of a semi-simplicial set B{GL{W)),. The fc-simplices are given by sets of 
lattice chains in W: 

B{GL{W))k = {La<Li<---<Lk< n-^Lo}. 

The ith face map is given by deleting the ?'th lattice from the chain. The group 
GL{W) acts on the building simplicially by permuting the lattices. 

A basis v = (vi, . . . ,Vn) oi W gives rise to a maximal simplex (chamber) 
C(v) = (Lo(v) < Li(v) < • • • < L„(v) = ^-^Lo(v)) 

where 

Li{v) = w-'^Ovi e • • • e 'K~'^Ovi e Ovi+i e • • • e Ovn. 

In particular, the building B{GL{W)) is n-dimensional. 
The following lemma is clear. 

Lemma 12.2.1. The action of GL{W) on B{GL{W)) is transitive on vertices and 
chambers. 

The building for SL{W). Two lattice chains {Li}, {L'^} are homothetic if 
there exists an integer m so that for all i, L[= w'^Li. 

The building for SL{W) is the quotient of B{GL{W)) given by taking homothety 

classes of lattice chains. The building B{SL{W)) may be described as the simplicial 
complex whose fc-simpliccs are given by homothety classes of certain lattice chains: 

B{SL{W))k = {[Lo < Li < • • • < Lfe < TT-'Lo]}. 

The face containment relations of B{SL{W)) are given by chain containment up to 
homothety. 
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The building for SL(W) is n — 1 dimensional. There is a natural projection of 
simplicial complexes 

B{GL{W)) B{SL{W)) 

and the building B{GL{W)) is homeomorphic to B{SL{W)) x M. The fc-simplices 
{Li} of B{GL{W)) for which Lk — tt'^Lq become degenerate in B{SL{W)). 



12.3. The buildings for U and GU 

Suppose now that K \s. a. quadratic extension of . Let (— , — ) be a non-degenerate 
hcrmitian form on W . 



Totally isotropic subspaces. A vector u e is isotropic if (u, u) = 0. A 
subspace oiW is anisotropic if it contains no non-zero isotropic vectors. A subspace 
W of W is totally isotropic if (w, w) = for all v,w G W . A subspace W' of W is 
hyperbolic if it admits a basis (vi, . . . , V2k) such that with respect to this basis the 
restricted form (— , — )|vK' is given by a matrix 

* 

where an entry is nonzero if and only if it lies on the reverse diagonal. Such a basis 
is a hyperbolic basis. 

The Witt index r of (— ) is the dimension of the maximally totally isotropic 
subspace of W. The dimension of a maximal hyperbolic subspace y of is 2r, 
and the subspace V-^ is anisotropic. The dimensions of the buildings for GU{W) 
and U (W) are functions of the Witt index. 

Recall from Chapter [5] that isometry classes of quadratic hermitian forms are clas- 
sified by their discriminant disc in /N{K^). Let a G be a generator of 
/N{K^). The following lemma is easily deduced. 

Lemma 12.3.1. There exists a basis so that the form (— , — ) is given by the matrices 
in the following table. 
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disc= (-1)L»/2J gQx/Ar(i^x) disc 7^ (-1)L"/2J eQx/iV(if><) 



n even 



1 



r = n/2 





1 




1 








1 

—a 



r = {n-2)/2 



n odd 





1 




1 








1 



r = (n- l)/2 





1 




1 








a 



r = (n-l)/2 



The building for U. Given an O-lattice L of W, the dual lattice C W 
is the O-lattice given by 

L* = {wGW : {w,L) C O}. 
The dual lattice construction has the following properties: 

(1) L** = L, 

(2) ifLo<-t'i, thenif 

(3) {ttL)* =Tr-^L*. 

Thus, there is an induced involution 

l: B{SL{W)) ^ B{SL{W)). 

The building B{U{W)) C B{SL{W)) consists of the fixed points of this involution. 
Since the involution l docs not necessarily restrict to the identity on invariant 
chambers, the subspacc B{U{W)) is not necessarily a siniplicial subcomplex. 

However, the building B{U) docs admit the stiTicturc of a scmi-simplicial set whose 
simpliccs arc self-dual lattice chains. The /s-simplices are given by 

B{U{W))k = {Lq<Li<--- <Lk<L* <■■■ <L* < ^^^Ln}. 

The face maps di are obtained by deletion of the lattices L, and hf from the chain. 
In particular, the vertices are given by lattices L satisfying L < < w~^L. We 
shall say that such lattices are preferred. Thus the fc-simplices of B{U{W)) are 
given by chains of preferred lattices: 

B{U{W))k = {Lq < Li < ■ ■ ■ < Lk < tt'^Lq : Li are preferred}. 
Preferred lattices satisfy the following properties. 



(1) There is at most one preferred representative in a homothety lattice class. 

(2) If L is preferred, then either L = L#, or L# is not preferred. 
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These properties allow one to relate the simplicial description of B{U{W)) with the 
geometric fixed points of the involution l on B{SL{W)). A combinatorial vertex 
corresponding to a preferred lattice L corresponds to the midpoint of the edge 
joining [L] and [L'^]- 

It is easily checked that for g e GL{W), one has {g{L))'^ = g^^{L'^). Therefore 
the building B{U{W)) admits a simphcial action by U{W). Let GU^{W) be the 
subgroup 

GU\W) = ker (gU{W) ^ ^ 

of similitudes of W with similitude norm of valuation 0. Then the following lemma 
is immediate. 

Lemma 12.3.2. The action ofU{W) on B{U{W)) extends to an action ofGU^{W). 

In order to get an explicit description of the chambers of B{U{W)) we recall the 
following lemma of [AN02| Sec. 5] . 

Lemma 12.3.3. Suppose that the residue characteristic K does not equal 2. Let 
W he an anisotropic subspace of W . Then there is a unique preferred lattice X 
contained in W . This lattice is given by 

X = {weW' : e O}. 

Let V = (ui, . . . ,V2r) be a hyperbolic basis of a maximal hyperbolic subspace V 
of W such that {vi,V2r+i-i) — 1- We shall say that a hyperbohc basis with this 
property is normalized, and clearly every hyperbolic basis can be normalized. Let 
X be the unique preferred lattice in the anisotropic subspace V-^. Then we may 
associate to v a chamber 

C(v) =. (Lo(v) < ■ ■ • < i.(v) < if (v) < . • • < L#(v) < 7r-iLo(v)) 

where 

Li(v) = nOvi H nOvr-i + Ovr-i+i H Ov2r + X. 

In particular the building B{U(W)) has dimension r. 

Unlike the building for SL{W), the group U{W) does not act transitively on ver- 
tices. However, every chamber of B{U{W)) can be shown to take the form C(v) for 
some normalized hyperbolic basis v. Witt's theorem and Lemma 112.3.31 may then 
be used to derive the following lemma. 

Lemma 12.3.4. The group U{W) acts transitively on the set of chambers of the 
building B{U{W)). 

Lemma 12.3.5. The stabilizers of the action ofU{W) andGU^{W) on B(U{W)) 
are all compact and open. 

Proof. We give the proof for U{W)] the argument for GU^{W) is identical. 
Let X = (L) be a vertex of B{U{W)) given by a preferred lattice L, and let C 
U{W) be its stabilizer. Then is given by the intersection GL{L) n U{W) in 
GL{W). Since U{W) is a closed subgroup of GL{W) and GL{L) is compact and 
open, the subgroup Kx is compact and open in U {W). Since the action is simplicial, 
it follows that all of the stabilizers of simplices in B{U{W)) are compact and open. 

□ 
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The building for GU{W). The group GU{W) does not preserve the class of 
preferred lattices, but we do have the following lemma. 

Lemma 12.3.6. Let g be an element of GU{W) with similitude norm v{g) of val- 
uation k. Suppose that L is homothetic to a preferred lattice. Then {g{L))'''^ is 
homothetic to a preferred lattice. 

Proof. Suppose that L = -k^L where L is a preferred lattice. Observe that 
we have 



Suppose that fc = 2a is even. Then the element gi = tt "^g has similitude norm of 
valuation zero, and gi{L) is preferred. The lattice g{L) is homothetic to gi{L). 

Suppose that k — 2a — \ in odd. The element gi — Tr^'^g has similitude norm of 
valuation —1. Applying gi to the chain ttL"^ ^ L < L"^, and using the fact that 
((7i(L))^ — T:gi{L^), we sec that (gi(L))^ is preferred. The lattice {g{L))'^ is 
therefore homothetic to a preferred lattice. □ 

The action of U{W) on the building B{U{W)) can be extended to an action of the 
group GU{W). The action is determined by its effect on vertices, where we regard 
the vertices as preferred homothety classes of lattices. The action is given by 



Lemma [12.3.61 implies that g ■ [L] is a preferred homothety class. This action is not 
associative on lattices, but is associative on homothety classes. This is an action of 
simplicial complexes, but does not preserve the ordering on the vertices. 

The building B{SL{W)) carries a natural action by GU{W) through the natural 
action of GL{W). We have the following lemma. 

Lemma 12.3.7. The inclusion of the fixed point space j : B{U{W)) ^ B{SL{W)) 
is GU{W)-equivariant. 

Proof. It suffices to check equivariance on vertices. Recall that for a preferred 
lattice L, the inclusion j maps [L] to the midpoint niid([L], [i'^]). Suppose that g 
is an element of GU{W), with similitude norm of valuation k. Then we have 



g{L*) = (ff-(L))# = (^-\g(L)) 




[g{L)] if ^{g) has even valuation, 
[{g{L))'^] if i'{g) has odd valuation. 



= mid([(g(L))'=#],[(.9(L))(^+i)#]) 
^i-nid{[g{L)],[{g{L))*]) 



□ 
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We define B{GU{Wj) by the following GC/(VK)-oquivariant puUback. 

B{GU{W)f ^ B{GL{W)) 

BiUiW))"^ ^ B{SL{W)) 

We see that B{GU{W)) is homeomorphic to B{U{W)) x R. In particular, the 
dimension of BiGU{W)) is r + 1. 

Since GU{W) is a closed subgroup of GL{W), and the stabihzcr in GL{W) of every 
point of B{GL{W)) is open and compact, we have the following lemma. 

Lemma 12.3.8. The stabilizer in GU{W) of every point of B{GU{W)) is open and 
compact. 

Remark 12.3.9. The buildings B{GU{W)) and B{GL{W)) are easily seen (using a 
simplicial prism decomposition) to be equivariantly homeomorphic to the products 

B{GU{W)) « B{U{W)) X R^, 

B{GL{W)) ^ B{SL{W)) X Mdet- 

Here, IR,^ is the similitude line, with GU{W) action g{x) = VTr{iy{g)) ■ x, and Mdot is 
the determinant line, with GL{W) action g{x) = U7r(dct(g)) • x. The embedding of 
B{GU{W)) into B{GL{W)) is given by the embedding oiB{UiW)) into B{SLiW)), 
together with the GU ( W)-equivariant homeomorphism 

— > Rdetj 

X n/ f ■ X. 

Here, / is the residue field degree of K over Q^. 



CHAPTER 13 



Hypercohomology of adele groups 



13.1. Definition of Qgu ^^nd Qu 
Lemma 110.6.51 has the following corollary. 

Corollary 13.1.1. For compact open Rp < GU{AP'°°) there are equivalences 

TAF{KP) ~ V^^\ 

Definition 13.1.2. Let Rp = JJ^^p Re be a compact open subgroup of G'C/(AP'°°), 
and let 5 be a set of primes not containing p. Let RP'^ be the product 

R^'^ n 

e^suip} 

(1) Define Qgu{KP-^) to be the homotopy fixed point spectrum 



lGu{KP^') = Va^^ 



where 

ifP'^ GC/(As)Xf'^. 

If S consists of all primes different from we denote this spectrum Qgu- 
(2) Let GU^{Ks) be the open subgroup 

GU\ks) = ker ( Gf/(As) ^ Y^Q^^ ^\{A 

of similitudes g whose similitude norm iy{g) has valuation at every place 
in S. Define Qu{KP'^) to be the homotopy fixed point spectrum 

Qu{R'''')^v;:f^^^\ 

where 

R^l GU\As)RP-^. 
If S consists of all primes different from £, we denote this spectrum Qij. 



13.2. The semi-cosimplicial resolution 

Fix a prime I ^ p and a compact open subgroup Rp-^ C GU{P\P'^'°"). We shall 
consider two cases simultaneously: 
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Case I 


Case II 


G, = 


GU{Q,) 




B = 


B{GU{Qi)) 


B{U{Qe)) 


Q = 


Qgu{KP'') 





In either case, B = \B,\ is the reahzation of a finite dimensional contractible 
semi-simplicial set S,, and the group Gi acts on B simpUcially with compact open 
stabihzers. Throughout this section, we will let B', be the simplicial set generated 
by the semi-simplicial set B, by including degeneracies. 

Let G denote the open subgroup 

G = GiRP''^ c GUiAP'°°), 

so that Q — VqiJ. The action of the group Ge on B naturally extends to an action 
of the group G, where we simply let the factors Kf act trivially for £' ^ p, £. The 
stabilizers of this action are still compact and open. 

The canonical contracting homotopy. We recall some of the material from 
[Gar97| . in particular Section 13.7. These apartments of B possess canonical met- 
rics, and simplicial automorphisms of these are isometrics. The building B inherits 
a metric as follows: for x,y ^ B, let A be an apartment containing x and y. The 
distance between x and y is equal to the distance taken in the apartment A with 
respect to its canonical metric. Since the group G acts simplicially on B, and sends 
apartments to apartments, G acts by isometrics on B. 

Any two points x,y ^ B, are joined by a unique geodesic 

Jx,y ■■ I ^ B. 

Let A be an apartment of B which contains both x and y. Then the geodesic ^x.y 
is given by the affine combination 

lx,y{t) = (1 - t)x + ty 

in the afhne space A. 

A contracting homotopy for B is very simple to describe |Gar97[ Sec. 14.4]. Fix a 
point Xq of B. A contracting homotopy 

H -.Bxl ^B 

is given by 

(13.2.1) =7,,,„(i). 

Remark 13.2.2. The argument |Gar97[ Sec. 14.4] that the contracting homotopy 
H is continuous applies to thick buildings. While the building B{U{Q^f)) is thick if 
£ does not split in the building 6(C/(Q^)) in the split case, as well as the building 
B{GU{^e)) in either case, is not thick. However, because these other buildings are 
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products of thick buildings with an affine space, the continuity of H is easily seen 
to extend to these cases. 

A technical lemma. Let be a smooth G-spectrum, and suppose that X 
is a simplicial G-set. For an open subgroup U < G, define Map^^ (X, i?) to be the 
spectrum whose ith space is the simplicial mapping space of J7-equivariant maps: 

MapjX,E),^MapjX,E,). 

Define a smooth G-spectrum 

Map(X, EY"' := lim Map^(X,£;) 

U<oG 

(where the colimit is taken over open subgroups of G). The group G acts on the 
maps in the colimit by conjugation. In this section we will prove the following 
technical lemma. 

Lemma 13.2.3. The map of smooth G-spectra 

£;->Map(gl,£:)"'" 
induced by the map Z?^ — > * is an equivalence. 

The key point to proving Lemma 113.2.31 is the following topological lemma. 

Lemma 13.2.4. Suppose that X is a topological space with a smooth G-action. Then 
the inclusion of the constant maps induces a natural inclusion 

X ^MapiB^xy"" -.^ lim Ma.pu{B,X) 

U<aG 

which is the inclusion of a deformation retract. Here, Map[/(S, X) is given the 
subspace topology with respect to the mapping space Map(;6, X), and Map(i3, xy™- 
is given the topology of the union of the spaces Map(j(S,X). 

Proof. Fix a point xq in B with compact open stabilizer K^^ < G. Let H 
be the contracting homotopy defined by (|13.2.1[) . Then H induces a deformation 
retract 

H' : Map(S, X) x / ^ Map(6, X) 

given by 

H[{f){x) = f{H,{x)) = f{-i^.,^,{t)) 

where ^x.xa is the unique geodesic from x to xq. We claim that for each open 
subgroup U oi G, H' restricts to give a map 

(13.2.5) H' : Mapy(S, X) x I ^ Map^nx.,, X). 

Indeed, let / be an element oi Ma,pu{B, X). Let g be an element of UDKxg. Since 
G acts by isometries, the induced map 

g: B^B 
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sends geodesies to geodesies. Hence we have 

5(i/,'(/)(a:))=5(/(7.,xoW)) 
= /(57x,xo(i)) 

— f{lgx,gxa (t)) 
= filgx,xoit)) 

We have shown that H[{f) \&U C\ if^Q-equivariant. 

By taking the cohmit of the maps H[ of (|13.2.5p . we obtain a deformation retract 
H' : Map(B, Xy"' x / -> Map(S, X)"™. 

□ 

We now explain how, using the geometric reaHzation and singular functors, the 
topological result of Lemma [13.2.41 gives an analogous simplicial result. The cate- 
gory s Set of simplicial sets and the category Top of topological spaces are Quillen 
equivalent by adjoint functors (| — IjS") 

-|: sSet ^ Top: S 

where S{—) is the singular complex functor and | — | is geometric realization. The 
geometric realization of a simplicial smooth G-set is a G-space with smooth G- 
action. Since the realization of the fc-simplex jA*^! is compact, it is easily verified 
that the singular chains on a G-space with smooth G-action is a simplicial smooth 
G-set. 

Lemma 13.2.6. Suppose that X is a fibrant simplicial smooth G-set. Then S\X\, 
the singular complex of the geometric realization of X, is also fibrant. 

Proof. By Lemma riO.2.71 we must verify that for every open subgroup H < G, 
the if- fixed points of S\X\ is a Kan complex, and that S\X\ satisfies homotopy 
descent with respect to hypercovers of G/H. Since both the functors S{—) and | — | 
both preserve fixed points, we see that (S'|X|)^ = is a Kan complex. For a 

hypercover {G/C/q, i we must verify that the map 

iS\X\f ^hol^mUiSlXlf-- 

ael. 

is a weak equivalence. The functors >5'(— ) and | — | commute with fixed points, 
S{—) commutes with arbitrary products and totalization, and | — | commutes (up to 
homotopy equivalence) with arbitrary products of Kan complexes, so we need the 
map 

S\X"\ 5holim| Yl 

ael. 

to be a weak equivalence. It suffices to show that the map 

1X^1 ^ holimi Yl ^^""l 

ael. 
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is a weak equivalence, or equivalently, since (| — |, »§'(—)) form Quillen equivalence, 
that the map 

5'holim| Y[ X^^-'l ^ holimS'l J| 

ael, ael. 

is a weak equivalence. This follows from the fact that the map 

n x^--- -> s\i[ x^-^-\ 

aGl. ael, 

is a level-wise weak equivalence of cosimplicial Kan complexes, and that the map 



X" holim Y[ X^" ' 

ael, 

is a weak equivalence, since X is fibrant. □ 



Lemma 113.2.31 follows immediately from the following lemma. 
Lemma 13.2.7. Let X be a simplicial smooth G-set. The natural map 

X -.MM.B'^xy '^ 

is a weak equivalence of simplicial sets. 

Proof. By Lemma [TS. 2. 41 the map 

\X\ ^Map{B,\X\y"' 

is an equivalence. Since geometric realization is the left adjoint of a Quillen equiv- 
alence, we see that the adjoint 

X ^ SMa.p{B,\X\y'^ 

is an equivalence. We have the following sequence of isomorphisms: 

5Map(|;Sl|,|X|)"" = 5 lim Ma.pu{\B',\,\X\) 

U<oG 

= Map'^°P(|A'|, lim Msipjj{\B',\,\X\)) 

U<aG 

= lim M'Ap^°P{\A'\,Msipjj{\B',\,\X\)) 

U<oG 

^ lim Map^°P(|A'| x \B',\,\X\) 

U<oG 

= lim Map^°P(|A' x B',\,\X\) 

U<oG 

= lim Maplf A' X B'„S\X\) 

U<oG 

= Ma.p{B'„S\X\y"'. 
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This isomorphism fits into the following commutative diagram. 

X ^ MapiB'^xy"" 

5Map(g, IXIY"" Map{B'„S\X\y'^ 

We just need to verify that the map 77, is a weak equivalence. For any simpli- 
cial smooth G-set Z, the functor — x Z preserves weak equivalences and cofibra- 
tions. Therefore, the functors (— x Z, Map (Z, —)'"") form a Quillen adjoint pair 
on sSet^. In particular, the functor Map(Si, — preserves weak equivalences 
between fibrant simplicial smooth G-sets. By Lemma ll3.2.6[ the map 

rj:X^ S\X\ 

is a weak equivalence between fibrant simplicial smooth G-sets. □ 

Remark 13.2.8. The authors do not know a purely simplicial argument to prove 
Lemma 113.2.31 Clearly, much of the work in this section could be eliminated by 
working with spectra of topological spaces with smooth G-action as opposed to 
spectra of simplicial smooth G-sets. Our reason for choosing to work simplicially is 
that we are simply unaware of a treatment of local model structures on categories 
of sheaves of topological spaces in the literature. 

The semi-cosimplicial resolution. Recall from the beginning of this section 
that Q is the hypercohomology spectrum Qcu{K^'^) or Qij{KP'^). We state our 
main theorem describing a finite semi-cosimplicial resolution of Q. 

Theorem 13.2.9. There is a semi-cosimplicial spectrum Q* of length d — dim;B 
whose sth term (0 < s < d) is given by 

Q'=l[ TAF{K{a)). 

The product ranges over Ge orbits of s-simplices [a] in the building B. The groups 
K{a) are given by 

K{a) KP^^KpX(j) 

where Ki{a) is the subgroup of Gt which stabilizes a. There is an equivalence 

Q ~ holimQV 

Proof. By Lemma fT3.2.3l the map 

r:VGu^MMK,VGuy"' 
is an equivalence of smooth G-spectra. The functor 

Ma.p{B'„ -y"" : Spg" ^ Spg" 
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is right Quillcn adjoint to the functor — A {B',)+. Therefore, since Vgu is a fi- 
brant smooth G-spcctrum, the spectrum Map{B',,VGuY"^ is a fibrant smooth G- 
spectrum. We have the following sequence of G-equivariant isomorphisms. 

MapiK^VGuY"' = lim Map ^^K, Vgu) 

U<oG 

^ lim holimMap[;(Sl, Vgc/) 

U<aG 

= lim hohmMap[;(S,, Vca) 

u<aG 

= hohm lim Map^ (B,, Vgu) 

U<aG 

= holimMap(B.,VGc/)""- 

Here, we were able to commute the homotopy limit past the colimit because it is 
the homotopy limit of a finite length semi-cosimplicial spectrum. Taking G-fixed 
points of both sides, we have a map 

■■ VSu (holimMap(fi.,yGC/)'")^- 

The map r'^ is a weak equivalence because r is a weak equivalence between fibrant 
smooth G-spectra. There are isomorphisms 

(holimMap(i3., Vbt/)'™)'^ = holimMapc(B., Vbt/) 

= holim Yl Mapa{G/K{a),VGu) 

^holim Yl V^j^^l 
Hgb./g 

By Lemma [10.6. 51 there are equivalences 

V^^^^ ^ TAFiKia)). 

□ 

Remark 13.2.10. The coface maps of the semi-cosimplicial spectrum Q* are all 
instances of the -Eq© operations arising from Proposition 111. 1.11 Thus, the spec- 
trum Q' is actually a semi-cosimplicial ii'oo-ring spectrum, and the totalization Q 
therefore inherits the structure of an Eoc-nng spectrum. 



CHAPTER 14 



K {n)-\oca\ theory 



Fix a compact open subgroup of GU{Ap-°°) so that Sh{KP) is a scheme. Let 

be the universal tuple over Sh{KP). Let Sh{KP)'^^^ be the reduced closed subscheme 
of Sh{KP) ®i Fp where the the formal group eAuniviuf height n (see [HTOH 
Lem. ILl.l])." 



14.1. Endomorphisms of mod -p points 

Suppose that A = (A, i, A, {t]\) is an element of (Fp). 
We make the following definitions. 

D = End^(A), 
Od = Ends (A), 

I = A-Rosati involution on D. 

By Theorem 12.2.41 -D is a central simple algebra over F of dimension , with 
invariants given by: 

invx D ^ - invx B, x )[p, 
inv„ D = I /n, 

The ring Od is, an order in D. Since the p-divisible O^-module of A takes the form 

A{p) - ieAiu)r X (eAiuT), 

Theorems 1 1 . 2 . 1 f 4) and 12.2.1] combine to show that the order Ojj i^p) is maximal at 
p. Because the polarization A is prime-to-p, the order O^j^p-^ is preserved by the 
Rosati involution |. 

Define algebraic groups GC/a and Ua over Z(p) by 

GUa{R) = {g e (Odxp) RV : g^g e i?^, 
Ua{R) = {g e {Odxp) Rr ■■ g^g = i}- 

There is a short exact sequence 

I^Ua^ GUa ^ G,„ ^ 1. 
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Observe that we have (Lemma 14. 5.ip 

GUa{'^(p)) =group of prime-to-p quasi-simihtudes of {A,i,X), 
C^a(Z(p)) =group of prime- to-p quasi- isometries of (A, i, X). 

The rational uniformization induces isomorphisms 

r;, : GU{Qe) ^ GUAiQe), 

for primes £ p. The maximahty of the (p-j-order C'd^(p), together with 
Lemma I5.2.H gives the following lemma. 

Lemma 14.1.1. The induced action o/J7a(Z(p)) on the summand eA(u) of the p- 
divisible group A{p) induces an isomorphism 

C/a(Zp) ^ §„ 

where §„ = AvLt{eA{u)) is the nth Morava stabilizer group. The similitude norm 
gives a split short exact sequence 

1 ^ Ua{^p) ^ GUa{Zp) ^ ^ 1. 

Define F to be the quasi- isometry group C/a(^(p))- The action of F on the Tate 
module V^'^ {A) induces an inclusion 

i,j:T^ C/(Af'^'°°) C GU{AP^°°). 

For any subgroup K of G[/(AP'^'°°) let T{K) be the subgroup of F given by the 
intersection T n K. 

Proposition 14.1.2. Suppose that is an arbitrary open compact subgroup of 
GU{M''°°), so that Sh{K'P) is not necessarily a scheme. Then the automorphisms 
of the ¥p-point A — {A, i, A, are given by T(KP). 



Proof. By definition, we have 

Aut(A) ^ GUAi^ip}) <^KP c GU{AP^°^) 

(using the isomorphism r/* : GU{AP'°°) ^ G[/a(A*''°°)). The similitude norm 
restricts to give a homomorphism 

1^ : Aut(A) ^ {±1} = (ZP)^ nZ(^p^ C (AP^°°)^. 

However, by the positivity of the Rosati involution fTheorem l4.2.ip . the similitude 
norm v cannot be negative. We therefore deduce 

Aut(A) = L/a(Z(p)) n RP ^r{KP). 

□ 
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14.2. Approximation results 

In this section we compile various approximation results that we shall appeal 
to in later sections. These results both will allow us to compare the spectrum 
Qu{K^'^)K{n) with the i4r(n)-local sphere, as well as to manipulate certain adelic 
quotients. 

For each prime x p, let Ki ^ < GU{Qx) be the image of the subgroup 
{g^O^^, : g^geZ-^}<GUA{Qi) 

under the isomorphism i]^^ : GUa{Qx) -—^ GU{'Qx)- For a set of primes S not 
containing p, define the group Kf'^ by 

Kf'^'^ n ^1^- 

x^{'p}US 

Naumann [Naul Cor. 21, Rmk. 22] proves the following theorem, quantifying, at 
least in certain situations, the degree to which the group T(Kf' ) approximates the 
Morava stabilizer group §„ . 

Theorem 14.2.1 (Naumann). Suppose that 

(1) The polarization A is principal, 

(2) The order Od is maximal. 

Then we have the following. 

Case n odd: There exists a prime £ ^ p which splits in F so that the group 

T{Kf'^) is dense in §„. 
Case n even: Suppose that p ^ 2. Then there exists a prime £ which splits 

in F such that the closure of the group r{Kf'^'^) in §„ is of index less 

than or equal to the order of the unit group Op . 

Remark 14.2.2. Since F is a quadratic imaginary extension, Op is of order 2, 4, 
or 6. 

A key observation of Naumann is the following proposition. 

Proposition 14.2.3. Suppose that we have a map of short exact sequences groups 
1 H' ^ H ^ H" ^ 1 

p, r> p, 

1 G' *- G G" 1 

where the bottom row is a short exact sequence of first countable topological groups. 
Assume that H' is dense in G' and that there exists an open subgroup U of G" 
so that Tr^^{U) is compact in G. Then H is dense in tt^^{H ), where H is the 
closure of H" in G" . 

Naumann's methods may be used to prove the following easier proposition. 
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Proposition 14.2.4. 

(1) The group I7a(Q) «s dense in C/a(Qp)- 

(2) The group T = J7a(Z(p)) is dense in §„ = UaC^p)- 

(3) The group GC/a(Q) is dense in GJ/aIQp)- 



Proof. We prove statements (1) and (2) simultaneously. Let SUa be the 
kernel of the reduced norm: 



1 SUa Ua T 1 

where the algebraic group T/'Z(^p) is given by 

T{R) = {te {Of,(p) nr ■■ Np/qit) = 1}. 

Using the fact that there is a puUback |PR94[ 1.4.2] 



N 



(14.2.5) Od,u Of,u 



A, 



we deduce that the following diagram is a puUback. 



N 



(14.2.6) C/A(Z(p))-^T(Z(rt) 



C/a(Q)-^ -T(Q) 

The weak approximation theorem [PR941 Lemma 7.2] implies that the embedding 

SU a{Q) ^ SUa{Qp) 

is dense. However, the puUback in diagram (|14.2.5p implies that SUa{'^p) = 
SUa{Qp) and the puUback in diagram (|14.2.6p impUes that SUAC^ip)) = SUaIq)- 
So we actually have determined that the embedding 

5[/a(Z(p)) ^ SUa{Zp) 

is dense. In [Nau] . it is established that the following maps are surjections: 

Nd/f :C/a(Q) -^T(Q), 
Nd/f :C/a(Zp) ^T(Zp). 

The puUback of Diagram (|14.2.6p implies that the map 

Nn/F ■■ C/a(Z(p)) ^T(Z(p)) 
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is a surjection. We therefore have the foUowing diagrams of short exact sequences. 
1 ^ 5'{/a(Z(p)) ^ Ua{'^(p)) ^ T{1(p)) ^ 1 

1 5f/A(Zp) f/A(Zp) r(Zp) 1 

1 SUj^m ^ C/a(Q) ^ T(Q) ^ 1 

1 ^ SUa{%) ^ C/a(Qp) ^ T(Qp) ^ 1 

The groups T{X(^p)) and T(Q) are dense in T{Zp) and T{Qp), respectively (see, for 
instance, |Nauj ) . Therefore, (1) and (2) fohow from Proposition ll4.2.3l (To verify 
that the second diagram above satisfies the hypotheses of Proposition 114.2.31 we 
need to again appeal to the puUback (|14.2.5p .) 

By (1) and Proposition 1 1 4 . 2 ."31 to prove (3) it suffices to prove that the image of 
the similitude norm 

ly: GUa{Q) ^ Q"" 

is dense in Qp . Because the similitude norm restricts to the norm Np/q on the 
subgroup < GU{Q), it suffices to prove that the image of the norm 

is dense in Qp . Let D be the absolute value of the discriminant of F, and let 

be the corresponding Dirichlct character, so that a prime q splits in F if and only 
ifx(<7) = l. 

Assume that p is odd. Fix a prime £ which splits in F and is a generator of . 
Such a prime exists because the former represents a congruence condition modulo 
D, whereas the latter represents a congruence condition modulo p^, and since p was 
assumed to split, it is coprime to D. To prove the image of Npfq is dense in , 
it suffices to prove that £ and p are in the image. By the fundamental short exact 
sequence 

1 ^ Q''/N{F'') -^^q^/N{F^) ^ Z/2 ^ 1 

X 

it suffices to prove that for all non-split g, both p and £ are zero in the group 
/N(F^). If q is inert in F, then this follows from the fact that p and £ are 
coprime to q. If q is ramified, this follows from the fact that the kernel of the 
composite 

^ (Z/D)^ ^ {±1} 

is equal to N{F^ ) n Z^ . The case of p = 2 is similar, but because Z2 is not cyclic, 
two generating split primes must be used instead. □ 
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Lemma 14.2.7. The images of the composites 

£ prime 
£ prime 

are equal. 

Proof. The result follows from applying Galois cohomology computations of 
Section [5. 31 to the map of exact sequences. 

(14.2.8) GUa{Q)— -Q^ ^H\q,UA) ^ H\Q,GUa) 



GUa{A°°) {k'^Y ^H^A'^,Ua) ^ H^A°^,GUa) 

If n is even, then the image of v : GU{Q) ^ is seen to be (Q^)^, and the 
theorem is clear. If n is odd, then we have the following map of exact sequences. 

G(7A(5ij ^^Driino ^ £ inert and ^0 

^ unramifiecl in F 



e z 

£ prime 



z/2 



£ inert and 
unramifiecl in F 



□ 



14.3. The height n locus of Sh{KP) 

Let RP be sufficiently small so that Sh{KP) is a scheme. Combining Corollarv l7.3.2l 
with Corollary II.1.4 of [HTOlj . we see that the subscheme Sh{KP)^"'^ is either 
empty, or smooth of dimension zero. We therefore have the following lemma. 

Lemma 14.3.1. The scheme Sh{KP)^"^ is etale over Spec(Fp). 

The scheme )["! is therefore affine. Its structure is completely determined by 

(1) the set of Fp-points (Fp), 

(2) the action of the Galois group Gal of Fp on 

Sh{KPf'^®^^¥p^ W Spec(Fp). 

Sh{Kr)M(¥p) 

Item (1) above is described by Corollary 114.3.41 Item (2) is a serious arithmetic 
question related to the zeta function of the Shimura variety — we do not investigate 
it here. 
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Existence of mod p points. The following proposition appears in [HTOH 
Cor V.4.5] in the case where i? is a division algebra. 

Proposition 14.3.2. The set Sh{KP)^'^\¥p) is non-empty. 

Proof. By Theorem 12.2.41 there exists a B-linear abelian variety {A,i) over 
¥p of dimension associated to the minimal p-adic type (F, C) where 

C„ = l/n, 

Cw ^ {n- l)/n. 

The p-adic type of (A, z) determines the slopes of the p-divisible group A{p), and 
there is therefore an isogeny of i?-linear p-divisible groups 

0: (A(p),i,)^(G,z') 

such that 

G = (eG(u))" © (eGK))". 
Since the p-completion of the order Ob is given by 

the inclusion of rings 

i' -.B^ End°(G) 

lifts to an inclusion 

i' ■■ Ob,{p) ^ End(G). 
Since (j) is an isogeny, there exists a k such that ker0 is contained in the finite 
group-scheme A[p'^] of p'^-torsion points of A. We define an isogenous _B-linear 
abelian variety {A' , i') by taking the quotient 

iA,i) (A/ker</>,i') = {A',i'). 

There is a canonical isomorphism of i?-linear p-divisible groups 

{A'{p),{t%) = {G,t'). 

By Theorem 12. 2.1[ the inclusion of rings 

i' End°(A') 

lifts to an inclusion 

i' ■ Ob,{p) ^ End(A')(p). 
Choose a compatible polarization 

X:A'^ {A'y, 

and let A* : A{p) — + A{pY be the induced map of p-divisible groups. (According 
to Lemma 14.6.11 compatible polarizations exist.) Since A is compatible, there exist 
finite subgroups Ku < A{u) and Ku<^ < A{u) such that 

ker X^= Ku(B Ku-^ < A{u) © = A{p). 

Define A" to be the quotient A' /Ku, with quotient isogeny q : A' ^ A". Com- 
patibility of the polarization implies that the p-divisible group A'{u)/Ku ® Aiu) 
inherits a O^ ^p) -linear structure, giving an inclusion 

i" : Os,(p) ^ End(A"). 
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The quasi-isogeny 

A' - {q-^yXq-^ : A" ^ (A''^ 

is easily seen to be prime-to-p, and thus gives a prime-to-p compatible polarization 
on iA",i"). 

In order to produce a point of Sh{KP)^"^ i^p)i we need to show that the polarization 
A' can be altered so that there exists a similitude between the Weil pairing on the 
Tate module V''^{A") and our fixed pairing (— ) on V^. If n is odd, then for 
all £, H^{Qe,GU) = (Lemma 15.3.11 and Corollary I5.3.4p . and so any two non- 
degenerate >i=-hermitian alternating forms on Vi{A") are similar, so there 
exists a uniformization 

^:(F^(-,-))^(F''(A"),A'(-,-)). 

We must work harder if n is even. Using Theorem 1 7. 3. 1[ there exists a deformation 
{A"~i", A') of the tuple [A" ,i" , A') over the Witt ring W(^p). Choose an embedding 
of the field F]^"^ = iy(Fp)(g)Q in C so that the following diagram of fields commutes. 

F ^Fu 



C - — 

Under this inclusion, we may pull back {A",i",X) to a polarized ©^.(p) -linear 
abelian variety {A'^, i'^, A^) over C. The methods of Section [9731 implv that there is 
a non-degenerate *-hermitian alternating form (— , — )' on V, a lattice L' C V, and 
a compatible complex structure J on Voo = V (E)q M so that: 

A'^ = Voo/L', 

= induced from B-module structure of V, 
Ap = polarization associated to Riemann form (— , — )'. 

Thus, there is a canonical uniformization 

rj, : {V^, {-,-)') ^ iVPiA'i),\'^(-,-)). 

Furthermore, there are isomorphisms (using proper-smooth base change): 

= {HIM", APn*r^' {-,-)) 

= (i/,\(A",A''--)*,A'(-,-)) 
^iV^iA"),X' {-,-)). 

Let GUa" be the group of quasi-similitudes of A" = {A" , i" , A'). By Lemma [4.6.11 
any other isogeny class of weak polarization A" is determined by an element [A"] G 
H^{Q,GUa") such that 

[X']oo^[X"]ooeH\R,GUA")- 
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The calculations of Section [5. 3 1 give isomorphisms: 

discf : H\Qi,GUA") ^ /Np/^iF''), 

disc, : H\Qe,GU) ^ Q'^/Nf/q{F''). 

In particular, H^{Qp, GU) — H^{Qp, GUa") = 0. Here, disC|' denotes the discrimi- 
nant taken relative to the A'-Rosati involution (— )^ , and disc* denotes the discrim- 
inant taken relative to the involution (— )*. We identify the Galois cohomologies 
H^{Qg,GUA") and H^{Qi,GU) in this manner, and use these isomorphisms to 
endow these isomorphic sets with the structure of a group. By Lemma I4.6.3[ the 
image of [A"] in H^{Qi, GU) is given by 

[A"], = [A'(-,-),]-K[A"(-,-),], 

the difference of the classes represented by the Weil pairings on Ve{A"). Let [(—,—)'] 
be the element of H^{Q, GU) representing the similitude class of the form (— , — )'. 
We wish to demonstrate that there is such a class [A"] so that 

[y'{-,-)e] = [{-,-)]ieH\Q,,GU) 

for every i p. There are short exact sequences fCorollarv l5.3.7p 

H\Q, GU) ^ H\Q^,GU) Z/2 ^ 0, 

X 

^ h\q,gua") ^ ^ h\q^,gua") m ^ 0. 

X 

By the positivity of the Rosati involution (Theorem 14. 2. we have ^^[A'] = 0. It 
therefore sufhces to show that 

J2(^'M{~,~)]i)+m'h,~)e)])=0. 

e 

Since the complex structure J on Voo given above is compatible with (— , — )', the 
form (— , — )' has signature {1, n — 1}, and hence, by Lemma l5.3.2i we have 

[(-,-)]oo = [{-,-y]ooeH\R,GU) 

We compute 

e e e e 

-e^.([(-,->]oo)+eL([(-,->V) 

= 0. 

Thus there exist a class [A"] e H^{Q, GU) with [A"(-, = [(-, and [A'V = 
[A'Joo- There exists a corresponding polarization A". Using the same methods used 
to construct A', we may assume without loss of generality that A" is prime-to-p. □ 

Calculation of Sh{KP)^"\¥p). We shall make use of the following lemma. 
Proposition 14.3.3. Given any two tuples 

(Az,A, [,7]),(A',*',A',[77']) e 5/i(ifP)N(Fp) 
there exists a prime-to-p isogeny 

(A^,A)^(A',z',A') 
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of weakly polarized B-linear abelian varieties. 

Proof. The completion Od,u is the unique maximal order of the central Qp- 
division algebra Z3„ of Hasse invariant l/n. Let be a uniformizer of the maximal 
ideal mo,u of Od.u- There is an isomorphism C/a(Qp) = (Lemma I14.1.1|) . 
By Proposition 114.2.4^ 1). there exists an element T e J7a(Q) such that the image 
Tu e D^^ satisfies 

r„ = 5(1 + Sx) 

for some element x G Du- In particular, T is a i?-linear quasi- isometry 

T:{A,i,X) ^ (Ai,A) 

for whose norm has it-valuation Vu{N£,/p{T)) = 1. Lemma 114.2.71 implies that 
there exists an element R G GC/a(Q) such that p-adic valuation of the similitude 
norm satisfies Vp{v{R)) = 1. 

By Theorem 12.2.31 and Lemma [4. 6. 11 there exists a B-linear quasi-similitude 

a : (A,i,A) {A\i',\'). 
There exists an integer ei so that 

{aR^^yX' = cX 

for some c G ^(^)- By altering A' within its Z^^^-weak polarization class, we may 
assume that c — 1. Then ai?'^^ is an quasi- isometry between B-linear abelian 
varieties with prime-to-p polarizations. There exists an integer 62 so that induced 
quasi-isogeny 

(ai?"i),S'^= : eA{u) ^ eA'{u) 

is an isomorphism of formal groups. By Theorem l2.2.1l the following diagram is a 
puUback. 

Isom(A, A')(p) ^ lsog{eA{u), eA'{u)) 

Isom(A, A') ® Q ^ Isog(e^(u), eA'{u)) (g) Q 

Here, Isom(— ,— ) denotes the isometrics between B-linear polarized abelian vari- 
eties, and Isog denotes isogenics between p-typical groups. We deduce that 

aR'^'T'"' : {A,i,X) -> iA',i',X') 

is a prime-to-p isometry of B-linear polarized abelian varieties. □ 

Corollary 14.3.4. The map 

GUAi^(p))\GU{AP'°°)/KP Sh{KPf'\¥p) 
given by sending a double coset [g] to the tuple (A, i, A, [rig]Kp) is an isomorphism. 

We give an alternative characterizations of the adelic quotient of Corollary 114.3.41 
Lemma 14.3.5. 
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(1) The natural map 

is an isomorphism. 

(2) The natural map 

r\GU\AP'^)/KP GUA{^ip))\GU{AP''^)/KP 

is an isomorphism. 

(3) The natural map 

GUA{^ip))\GU{AP^°")/KP ^ GUAm\GUA{A^)/KPGUA{^p) 
is an isomorphism. 

Proof. (1) follows from Lemma [T4. 2. 71 and the fact that T = GUa{'^{p)) n 
GC/i(AP'°°) (TheoremEXT]), and (1) implies (2). Statement (3) follows from Propo- 
sition [14231^3). □ 

Remark 14.3.6. Lemma [r4.3.5l relates the number of Fp-points of Sh{KP)^'^^ to a 
class number of GUa- 
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In this section, fix an open compact subgroup KP of GU{AP'°°), sufficiently small 
so that Sh{KP) is a scheme. 

Lemma 14.4.1. Let U —> Sh{KP)p be an etale open. Then the spectrum of sections 
£{KP){U) is E{n)-local. In particular, the spectrum TAF{KP) is E[n)-local. 

Proof. Fix a formal affine etale open 

/:[/' = Spf (i?) ^ U. 

Let (A/, z/, A/, [?7/])/i? be the tuple classified by /. The spectrum of sections 
£{KP){U') is Landweber exact (Corollary I8.1.7p . therefore it is an MC/-module 
spectrum f |HS991 Thm 2.8]). Greenlees and May jGM95[ Thm 6.1] express the 
Bousfield localization at E(n) as the localization with respect to the regular ideal 
In+i = {p,vi, . . . ,Vn) of MU^: 

£{KP)(U')Ein)^£{KP)(U')[I-l,]. 

There is a spectral sequence jGM95l Thm 5.1]: 

H%Spec{R) - V,uj®') ^ ^2t-s£{KP){lJ')\I-l^\. 

Here V is the locus of Spec(i?/p) where the formal group eyl/[u]° is of height greater 
than n. However, the formal group cannot have height greater that the height of the 
height n p-divisible group eA(u). Therefore V is empty, and the spectral sequence 
collapses, because Spec(i?) is affine. We conclude that the map 

i:^S{KP){U') ^ i^^E(KP){V')E^n) 
is an isomorphism, so £{KP){U') must be £^(n)-local. 
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Because Sh{KP) is quasi-projective, U is separated, hence all of the terms of the 
Cech nerve 

f7"+i ^ {U' ^U' xuU' <^U' xuU' xuU' ■■■} 

are afhne formal schemes. Because the sheaf £{KP) satisfies homotopy descent, the 
map 

(14.4.2) £{KP){U) hohmf 

is an equivalence. Since the terms of the homotopy totalization are £^(n)-local, we 
determine that £{KP)(U) is £;(n)-local. □ 

Let Gal be the Galois group Gal{¥p/¥p) = Z, generated by the Frobenius auto- 
morphism Fr. Let Sh{KP)r ^ be the Galois cover 

Sh{KP)w^^ = Sh{KP) W(¥p.) ^ Sh{KP). 

Define spectra 

The functoriality of the presheaf £{K'p) gives rise to a contravariant functor $ on 
the subcategory Orb^; C Set^; of smooth (i.e. finite) GaZ-orbits by 

$ : Gal/H ^ TAF{KP)^h. 

p 

Let 

TAF{KP)^^ = Kj, ~ lim TAF{KP)v^, 

" k " 

be the associated associated smooth GaZ-spectrum of Construction 110.6.31 
Lemma 14.4.3. The spectrum TAF{KP)^^ is E{n)-local. 

Proof. The underlying spectrum of TAF{KP)-^ is weakly equivalent to a 
colimit of i?(n)-local spectra. Since localization with respect to E{n) is smashing, 
the colimit is i?(n)-local. □ 

By Lemma [10. 6. 51 we can recover TAF{KP) by taking GaZ-homotopy fixed points: 

TAF{KP) ~ (T4F(Xf)j^)''^"'. 
By Theorem 5.2.5 of [Beh] . we have the following lemma 
Lemma 14.4.4. The sequence 

TAF{KP) TAF{KP)^^ TAF{KP)^^ 

is a fiber sequence. 

For a multi-index J = {jo,ji, ■ ■ ■ ijn-i), let M{J) denote the corresponding gener- 
alized Moore spectrum with _BP-homology 

BP,M{J) = BP,/{p^° , t;f , . . . , vi"-,'). 

The periodicity theorem of Hopkins and Smith [HS98| guarantees the existence 
of generalized Moore spectra M{J) for a cofinal collection of multi-indices J. The 
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iir(n)-localization of an E{n)-\ocd\ spectrum X may be calculated by by the follow- 
ing proposition ( |HS99| Prop 7.10]). 

Proposition 14.4.5. Suppose that X is an E{n)-local spectrum. Then there is an 
equivalence 

Xk{„) ^ holimX A M(J). 

There is an isomorphism 

ShiKP)^^^ = [] Spec(Fp..) 

for some finite index set I{K'p , k). The numbers ki are all greater than or equal to 
k. Let Gi be the restriction of the formal group eA{uY' to the ith factor. 

Proposition 14.4.6. There is an canonical equivalence 
TAF{Knr^,,Kin) ^ n 

ieI(KP,k) 

Here Ejq, is the Morava E-theory spectrum associated to the height n formal group 
Gi over F^kj . 

Proof. Let {Sh{KP)w^Jj^^ denote the completion of Sh{KP)r^^ at the sub- 
scheme Sh{KP)p^^^. By Corollarv l7.3.21 there is an isomorphism 

iShiKP)w^,)l ^ II Def^,. 

i£l{KP,k) 

Let g be the inclusion 

g:{Sh{Knw^,)l^{Sh{KP)^^X- 
Let f : U {Sh(KP)r be a formal affine etale cover, and let C/'+^ be its Cech 
nerve. The cover U pulls back to an etale cover f : U {Sh{KP)f^^)^^, with Cech 
nerve [/*+^. There are isomorphisms 

f/^ - II Def^^ . 

ieI{KP,k,s) 

for some finite index set I{K'p ,k, s). The unit of the adjunction {g*,g*) gives rise 
to a map of spectra of sections 

Resg : £{KP){U') ^ {g*£(KP))(U') 

The functoriality of Theorem 18.1.41 together with Corollary 18.1.91 gives a map 

{g,Idr -.{g^SiKPmun^ H %„• 

ieIiKP.k,s) 

Since C/* is a affine formal scheme, the honiotopy groups of £{KP){U'^) is given by 

n,SiKP)iUn^l^"''^'''^ 
^ ' 10 fcodd. 



116 



14. i<-(n)-LOCAL THEORY 



We have the following diagram. 



Here, g* denotes the puUback of sheaves of spectra/abelian groups whereas 5*^^ 
denotes the puUback of coherent sheaves. The bottom row induces an isomorphism 

where we have completed the MU^-module cj®*(t/'') at the ideal 

In = {P,Vl, ■ ■ ■,Vn-l) C MU^. 

Therefore, we deduce that the map Res^ o(g, Id)* induces an equivalence 
holim £{KP){U'') AM (J) ^ Y[ 

i£l{KP,k,s) 

Taking holiniA, we get an equivalence 

(14.4.7) holimholimf(XP)(C/*+i) A M(J) ^ holim J| 

ie/(A'P,fc,» + l) 

(The cosimplicial structure of the target is induced by the simplicial structure of the 
Cech nerve U*'^^ using the functoriality of Theorem 18. 1.31 ) Using Lemma [14.4.11 
Proposition ll4.4.5l the homotopy descent property for the presheaf f (ii'P), and the 
fact that the complexes M{J) are finite, we have equivalences 

hoHmhohm£:(ii:P)([/'+i) A Af(J) ~ hohmAf(J) A \io\Ym£{KP){U'+^) 

~ hohmAf(J) A TAF{KP)y^^ 

Since the coherent sheaf g^^f^uo®^ satisfies etale descent, the cohomology of the 
cosimplicial abelian group (Sco/i^*^*)!^*^^) given by 

s ^ 0. 



7r^(g:„,c^«*)(C/-+^) 



We therefore deduce that the map 

n %-hofim n ^, 



ieI{KP,k) ieI{KP,k,»+l) 

is an equivalence. The equivalence (|14.4.7[) therefore gives an equivalence 
TAF{Knw^,,Kin) ^ n %r 

□ 

Let Hn be the height n Honda formal group over Fp. Let En — Eh„ denote the 
associated Morava i?-theory. 
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Corollary 14.4.8. Assume that Sh(KPy^^ is a scheme. There is an equivalence 
TAFiK^f^^^^^^ ^ n 

r\GU^(AP-°°)/KP 

Proof. Let k be sufSciently large so that 

S'/i(ifP)["l(FpO = Sh{KP)^"^¥p) ^ r\GU\AP'"°)/KP. 
(The last isomorphism is Corollary 114.3.41 ) Then there is an isomorphism: 
5'/j(/^P)N ^ -Q Spec(Fp.)- 

r\GU^(AP'°°)/KP 

Then, by Proposition 114. CBl there is an equivalence 

TAFiKP)^^^,Kin) ^ n 

ier\GU^{AP:°°)/Kp " 

Taking the colimit over k and i4r(ri)-localizing gives an equivalence 

(14.4.9) (limT AF{KP)j.^^^K in)) K in) ^ H (l™%.,F^.))if(n)- 

k i£r\GU^iAP'^)/KP k " 

Because ii'(ri)-equivalences are preserved under colimits, we have 

(limrAi^(ifP)F^,,K(„));^(„) ^ {limTAF{KP)r^jK^^) 

k " k 



TAF{KP] 



Vp.Kin)- 



Each height n formal group is isomorphic to i7„ over Fp. Therefore, using 
Proposition ll4.4.5l and the functoriality of the Goerss-Hopkins-Miller theorem (The- 
orem [H?T31), there are equivalences 

(lH5^(Gi.F'=))^(") - -'^°j™^-H5^(g,.f'") ^ 

k ^ k ^ 

— En- 

The equivalence (114. 4. 9p therefore gives an equivalence 

TAF{KP)^^^^^^^ ^ n ^- 

T\GU^iAP-°°)/KP 

□ 



Taking Ga^-homotopy fixed points, we arrive at the following. 

Corollary 14.4.10. Assume that Sh(KP)^^^ is a scheme. There is an equivalence 

hGal 

TAF{KP)Kin) - I n ^" 

^r\GU^iAP-'^)/KP 

Remark 14.4.11. In Corollarv ll4.4.10l the action of the Galois group Gal is typi- 
cally non-trivial on the index set 

5/i(Xf)l"l(Fp) = T\GU\AP-°°)/KP 
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and the action of Gal on the components En is not the typical one. This is because 
the equivalence 

k ^ 

appearing in the proof of Corollary 114 . 4 . 8l is not GaZ-equivariant; the formal group 
Gi may not even be defined over Fp. 

14.5. if (n)-local Qu 

Let G and G^ denote the groups GU{Ap^°°) and Gf/i(AP'°°), respectively. In Sec- 
tion 111.11 using a construction described in Section 110. 6[ we produced a fibrant 
smooth G-spectrum V = Vqu such that 

y ~ lim TAF{KP). 

The colimit is taken over compact open subgroups of G. There is a cofinal 
collection of subgroups such that Sh{KP)^"^ is a scheme. Let 1^ be a fibrant 
smooth G X GaZ-spectrum such that 

Fj^^ hm TAF{Kn^^. 

KP,k " 

Let Spp be the category of F-equivariant spectra, with the injective model structure. 
The cofibrations and weak equivalences in this model structure are detected on the 
underlying category of spectra. Consider the adjoint pair (ReSp , Mapp(G^, —)*'"): 

Res^' : Spg? ^ Spp : Mapp(G\ -)'^" 

defined by 

Res^' X = X, 
Mapp(G\y)'"" = lim Mapp(GVi7, F). 

The G^-action on Mapp(G^, F)'"" is by precomposition with right multiplication. 
The following double coset formula is very useful. 

Lemma 14.5.1. Let H and K be subgroups of a group G. Let Y be an H-spectrum. 
There is an isomorphism 

[g]eH\G/K 

Lemma 14.5.2. Let Y be a T-spectrum. Suppose that be sufficiently small so 
that Sh{KP)^^^^ is a scheme. Then there is an isomorphism 

Mapr(GVif^n= H 

r\G^/Kp 



Proof. By Proposition 114. 1 .21 for every element g ^ G^, the group 
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is the automorphism group of a F^-point of the stack Sh{KP)^'^\ Because these au- 
tomorphism groups are trivial, the lemma follows immediately from Lemma ll4.5.1l 

□ 

Lemma 14.5.3. 

(1) The functors (ReSp ,Mapp(G^, — )^™) form a Quillen pair. 

(2) The functor Mapp(G'^, — takes fibrant T -spectra to fihrant smooth G^- 
spectra. 

(3) The functor MapY^G^ , —Y"^ preserves all weak equivalences. 



Proof. Using Lemma [10.3.41 it is clear that the functor ReSp preserves cofi- 
brations and weak equivalences, and this proves (1). Statement (2) is an immediate 
consequence of statement (1). Because there is a natural isomorphism 

Mapr(G\ ^ limMapr(GVii:P, -), 

where the colimit is taken over such that is a scheme. Statement (3) 

follows from Lemma [14.5.21 □ 

Fix an Fp-point {A, i, A, [77]) of Sh{KP)^^^^ (where is some compact open subgroup 
of G"'^). Fix an isomorphism a : eA{u) = Hn, where Hn is the Honda height n formal 
group. The action of F on eA{u) and the isomorphism a gives an action of F on the 
spectrum En- The following proposition is immediate from Corollary 114.4.81 and 
Lemma 114.5.21 

Proposition 14.5.4. There is an K{n)- equivalence 

^Mapr(G\S„)^™ 

of smooth G^ X Gal-spectra. 

We now are able to prove our main _ftr(n)-local result. 

Theorem 14.5.5. Let U be an open subgroup of G^ . There is an equivalence 

(\ hGal 
n E^^i^^^-'A . 
[9]er\GVc/ / 



Proof. It suffices to prove that there is a GaZ-equivariant equivalence 

[g]er\GVc/ 

The result is then obtained by taking homotopy fixed points with respect to Fr e 
Gal fLemma 114.4. 4p . By Proposition 114.431 a map between E{n)-\oca.\ spectra 
which is an Af( J)-equivalence for every J is a /ir(ri)-equivalence (it actually suffices 
to only check this for a single J). Since localization with respect to E{n) is smash- 
ing, colimits of £^(n)-local spectra are £^(n)-local. Therefore, the spectra Vf and 
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Mapr(G'\-Bn)^'" are E{n)-\ocal. Since M{J) is finite, Proposition 114.5.41 implies 
that there is a GaZ-equivariant i^(n)-local equivalence 

yj^^^(Mapr(G\i?„)™)'*^. 

Let E'^ be a fibrant replacement for _E„ in the category of F-equivariant spectra. By 
Lemma ri4.5.31 the spectrum Mapp(G^, E„y"^ is fibrant as a smooth G^-spectrum, 
and the map 

Mapr(Gi,i?„)^'" ^ Mapr(Gi,K)«™ 

is a weak equivalence. 

Using CoroUarv 110.5.51 and Lemma ri4.5.11 we have the following sequence of equiv- 
alences: 

(Mapr(G\^„)^'")"^ ^ (Mapr(G\ O^")^ 
-Mapr(G7C/,£;;) 

= n «)'^^^^"^ 

[g]er\G^/u 
[g]er\G^/u 

□ 

Specializing to the cases of [/ = iiT^* and U = RP'^ , we have the following corollary. 

Corollary 14.5.6. Let Rp be an open compact subgroup o/G[/(AP'°°). There are 
equivalences 

hGal 

TAF{RPU(^)^\ n E^n,K^^-^^^ 

jff]er\GC/i(A'''°°)/iff 

hGal 

\[ffl6r\GC/i(AP'S,oo)/^p,S 



CHAPTER 15 



Example: chromatic level 1 



In this chapter we provide some analysis of the spectrum TAF and the associated 
homotopy fixed point spectrum at chromatic filtration 1. In particular, we find that 
these spectra are closely related to the i^(l)-local sphere. 

15.1. Unit groups and the i^(l)-local sphere 

In this section, we indicate how we can recover a description of the i^(l)-local 
sphere by making use of units in a field extension of the rationals. 

Let El be the Lubin-Tate spectrum whose homotopy groups are VF(Fp)[u*^] with 
|u| = 2. We regard Ei as being the Hopkins-Miller spectrum associated to the 
formal multiplicative group <Gm over ¥p. Since the formal group Gm is defined over 
Fp, the spectrum Ei possesses an action of 

Gal = Gal{¥p/¥p) 

by Eoo ring maps. The work of Goerss and Hopkins |GH04) specializes to prove 
that there is an isomorphism 

Gi ^ AutE^iEi) 

where 

Gi = Si X Gal xZ. 
Specifically, for fc G , there is an Adams operation V'*^ : Ei Ei such that 
ip^{u) — ku. The GaZ-homotopy fixed points of the spectrum Ei is the spectrum 
KUp, the p-completion of the complex if-theory spectrum. The action of on 
El descends to an action on KUp, and the Adams operations -0^ restrict to give 
the usual Adams operations on p-adic K-theovy. 

The product decomposition 

AutE^{Ei) 9^Eix Gal 

is not canonical. Rather, there is a canonical short exact sequence of profinite 
groups 

(15.1.1) 1 ^ Si ^ Aut£;^(£;i) ^ Ga^ ^ 1 

and the choice of formal group Gm over Fp gives rise to a splitting. More generally, 
Morava |Mor89j studied forms of K -theory: p-complete ring spectra K' such that 
there exists an isomorphism of multiplicative cohomology theories 

KU;{-) W{¥p) ^ K'*{-) W{¥p). 
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Morava showed that there was an isomorphism 

{forms of KUp} ^ (Gal; Z^)^Z^. 

Using Goerss- Hopkins-Miller theory, one can strengthen Morava's theorem to prove 
that there is an isomorphism 

{Eoc forms of KUp} ^ Hl{Gal] Z^). 
Given a Galois cohomology class 

we may regard it as giving a splitting of the short exact sequence (|15.1.ip , and thus 
an inclusion 

Loi : Gal ^ AutE^{Ei). 

The i?oo-form Ka associated to the cohomology class a is given as the homotopy 
fixed points of the new Galois action on Ei induced by the inclusion La- 

(15.1.2) Ka = E^^^^-K 



The ii'(l)-local sphere is known to be homotopy equivalent to the fiber of the map 
-0'^ — 1 : KOp KOp, where k is any topological generator of the group /{±1}. 
Using the equivalence of Devinatz-Hopkins [DH04) 

and (I15.1.2p . we can substitute the if Op-spectrum with the fixed points of any form 
of if-theory to give a fiber sequence 

Q ^ ;,-''{±l} T^h{±l} 
!^K{l)^J^a '^a ■ 

Let F be a quadratic imaginary extension field of Q, and let p be a prime of Q that 
splits in F as uu'^. This corresponds to the existence of an embedding u: F ^ Qp. 
If Op is the ring of integers of F, there is a corresponding embedding u : Op Zp. 



The Dirichlet unit theorem tells us that the unit group of Of is finite. As the 
extension is quadratic, there are only three possibilities. If F = Q(i), Op is the 
group of fourth roots of unity. If _F = where w is a third root of unity, then 

Op is the group of sixth roots of unity. In either of these two exceptional cases, 
the primes 2 and 3 are nonsplit. In any other case. Op is {±1}. 

Fix a form of iiT-theory Ka- The map Op Zp gives an action of the (finite) unit 
group oi Op on Ka- If p 7^ 2, this action factors through the action of the roots of 
unity fJ.p-1 C Zp , and the homotopy fixed point set of the action of Op on Zp is a 
wedge of suspensions (forms of) of Adams summands. If p = 2, then Op = {±1}, 
and the homotopy fixed point set is Ki^^\ additively equivalent to KO2- 

However, the image of Op in Zp contains more units than merely this finite sub- 
group. Let Sp be a finite set of primes of Op that do not divide p. Then there is 
an extension map Sp^Op Zp, and an action of (Sp^Op)^ on Ka- 
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Let C1(F) denote the ideal class group of F. There is an exact sequence 
(15.1.3) O^O^ ^ {Sp^OfY ^0Z^C1(F) ^C1(F)/(5f) ^0. 

The class group of a number field is finite, so [Sp^Op)^ is isomorphic to 0^®Zl'^^L 

In particular, if we invert only 1 prime w (so \Sp\ = 1), there exists a smallest 

integer d such that w'^ = (k) as ideals for some k G Of- The homotopy fixed point 
set of Ka under the action of (Sp^Op)^ is the spectrum 

h{K) 



or equivalently the homotopy fiber of the map [k] — 1: ^K'a^. If K IS a 

topological generator of / Op , the resulting homotopy fixed point spectrum is, 

in fact, the (l)-local sphere. 

Global class field theory and the Chebotarev density theorem show that prime ideals 
of F are uniformly distributed in the class group, and principal prime ideals are 
uniformly distributed in any congruence condition. Therefore, it is always possible 
to pick a principal prime ideal (k) of Op such that k maps to a topological generator 
of the (topologically cyclic) group Zp /{±1}. 

One the other hand, suppose one inverts a set Sf of primes with \Sf\ > 1- Let H 
be the closure of the image of (Sp^Op)^ in /Op. The group H is cyclic, and 
hence there is a decomposition 

(Sp^Of)'' =0^x (x) xZI^^I-1 

such that the image of a; is a topological generator of H. Then there is a decom- 
position of the homotopy fixed point set of Ka under (Sp^Of)^ as 

However, Z''^^'""'^ acts through H, which acts trivially on the homotopy fixed point 
spectrum. Therefore, the homotopy fixed point spectrum is the function spectrum 



^^((5Zl^-l-i)+,Kr^"<"^), 
and therefore decomposes as a wedge of suspensions 
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We now analyze the homotopy fixed point spectra associated to height 1 Shimura 
varieties. In this case, much of the required data becomes redundant. 

Let _F be a quadratic imaginary extension of Q in which p splits. The central simple 
algebra over F of degree n? must be F itself in this case, and the maximal order 
must he Op- 

A Q- valued nondegenerate hermitian alternating form on F is of the form 

{x,y) = TrF/q{xPy*) 
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for some nonzero p G F such that p* = —(3, i.e. /3 is purely imaginary. However, 
any two such /3 differ by a scalar multiple, and so there is a unique similitude 
class of such pairings on F. The involution induced on F is, of necessity, complex 
conjugation. 

The group scheme GU satisfies GU{R) = (RiSiF)^ , and the group scheme U is the 
associated unitary group. There are isomorphisms 

GU{AP'°°) ^ (Ap"°'°°)^ 
^ TT' F"" 

Gu\M>n - I n X X I n ^fA 

\t split / \i nonsplit / 



There is a unique maximal open compact subgroup of GU{M'°°), namely the group 
of units 

= n 

wlfp 



Every elliptic curve E comes equipped with a canonical weak polarization which 
is an isomorphism, and any other weak polarization differs by multiplication by a 
rational number. A map Cf,(p) — * End(£')(p) is equivalent to a map F End°(£;), 
as follows. The existence of the map implies that the elliptic curve is ordinary, as 
p is split in F. Using the puUback 

End(£;)(p) ^ End(£(w)) x End(£;(u'=)) 



End°(£;) ^End°(£(u)) x End°(£;(u^)) 

and the isomorphism 

End(^(M)) X End{E{u'')) ^ZpX Zp, 
we see the map Of,(p) End°(S) factors through End(£J)(p). 

There are two choices for the map Cf,(p) End(i?)(p) that differ by complex 
conjugation. However, there exists a unique choice such that the corresponding 
summand E{u) is the formal summand and E{u'^) is the etale summand. 

Therefore, the Shimura variety Sh{KQ) associated to this data classifies elliptic 
curves with complex multiplication by F. The automorphism group of any such 
object is the unit group Op. The moduli of elliptic curves with complex multipli- 
cation by F breaks up geometrically as a disjoint union indexed by the class group 
of F, as follows. 

xspec(z,) Spec(V^(Fp)) - ]J Spec(W(Fp))//0^. 

C1(F) 

Here / denotes the stack quotient by a trivial group action. 
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The main theorem of complex multiphcation for cUiptic curves has the following 
consequence. Let K be the Hilbert class field of F, i.e. the unique totally unramified 
extension of F, which has Galois group C1(F), and let Ok be its ring of integers. 
Then we have the following isomorphism: 

(15.2.1) Sh{Kl) ^ Spec(OK.«)//0^ = [] Spec(OK,<p)//0_^. 

Here the coproduct is over primes ^ oi K dividing u. Isomorphism (|15.2.ip follows 
from the fact that there is a map 

Of[]{E)] ^ Ok 

which an isomorphism at p, where j{E) is the j-invariant of any elliptic curve with 
complex multiplication by F . 

The spectrum of topological automorphic forms associated to the Shimura variety 
is the spectrum 

(\ hGal 
n ^1^°^ I 
C1(F) / 

The spectrum of topological automorphic forms can be expressed as follows. For a 
prime *P of if dividing u, let Dtp be the decomposition group, and let / denote its 
order. Under the isomorphism G&\{K/F) ^ C1(F), ZJsp is the subgroup generated 
by u. Because K is unramified over F , the integer / is equal to the residue class 
degree of *P over u. In particular, there are isomorphisms 

ok,u=x{ok.<^^ n ^i^p^)- 

<P|« C\{F)/D^ 

We deduce that all of the Fp points of Sh{K^) are defined over ¥pj, and that, for 
each prime *p, there exists an elliptic curve iJtp/Fpj with complex multiplication 
by F, such that the isomorphism classes of Sh{KQ){¥p) are represented by the set 
of elliptic curves 

{e!^^^ : ^\u, < z < /} 

(where E^ •* denotes the puUback of i?<p over the zth power of the Frobenius). 

Let K{Ef:p) be the form of KUp^ZpW(¥pj ) corresponding to the unique deformation 
of the height 1 formal group Fsp over T4^(Fpj). The homotopy of K{E<:p) is given 

by 

We have the following: 

TAFiKP)^l[K{E^)''^'^. 
<p|« 

Let 5 be a finite set of primes of Q. Let Sp be the collection of primes of F dividing 
the primes in S. 
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Case where the primes of 5* do not spHt in F. Suppose that each of the 
primes in S does not spht in F . Then there is an equivalence 

hGal 




In particular, if £ is chosen to be a topological generator of , and is inert in F^ 
then there is an equivalence 

Cl(F)/n,;p 

Here, Sk(i),¥ j is the Galois extension of 5^(1) = (^j^jh^i-^hGabp gj^gj^ ^}jg g^ed 
point spectrum 

The building B{GU) for GU{Qi) = O^^ is homeomorphic to the real line M. The 
group Op^ acts by translation by £-adic valuation. The resulting building decom- 
position is a product of J-fiber sequences 



Case where the primes in S split in F. Suppose that each of the primes 
in S is split in F . Let S'p C Sp be a set containing exactly one prime dividing £ 
for each £ E S. The group ^iK^' ) is given by 

the subgroup of (S^^Op)^ for which the norm N = Np^q is 1. There is an exact 
sequence 

s 

It follows from pS.l.Sp that there is an exact sequence 
where 

k{ ^ n^iw)) = ^ nyj[w] -n^lw"] G C1(F). 
In particular, there is an isomorphism 

Following the techniques of Section flS. 11 the closure H of the image of V[Kq'^) in 
Zp /Op is cyclic. Choosing a generator x G T{K^' ) gives a decomposition 

T{Kl'^) ^O^x {x) X Zl'^l-i. 



15.2. TOPOLOGICAL AUTOMORPHIC FORMS IN CHROMATIC FILTRATION 1 127 



We therefore have an equivalence 

hGal 

Assume now that S consists of a single prime £ which splits as ww'', such that: 

(1) the ideal w = (t) is principal, 

(2) the element q = t/t'' & T{KE'^) c is a topological generator of /O^ • 

Infinitely many such primes can be shown to exist, using class field theory and the 
Chebotarev density theorem. Condition (2) implies that r{KQ'^) is dense in . 
Then there is an equivalence 

The building B{U) for the group 

is homeomorphic to K. An element g G U{Qi) acts on B{U) by translation by 
Vwig)- The building gives a fiber sequence 
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